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Abstract 

We introduce flows of branching processes with competition, which describe the evolution of 
general continuous state branching populations in which interactions between individuals give rise 
to a negative density dependence term. This generalizes the logistic branching processes studied 
by Lambert iflTl . Following the approach developed by Dawson and Li ifTOl . we first construct such 
processes as the solutions of certain flow of stochastic differential equations. We then propose a novel 
genealogical description for branching processes with competition based on interactive pruning of 
Levy-trees, and establish a Ray-Knight representation result for these processes in terms of the local 
times of suitably pruned forests. 
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1 Introduction and main results 

1.1 Continuous state branching processes and their genealogies 

Continuous state branching processes model the evolution of the size of a continuum population in which 
individuals reproduce and die but do not interact. Mathematically, a continuous state branching process 
(or CSBP, for short) is a cadlag [0, oo)-valued strong Markov processes Y = {Yt : t > 0) with law ¥y 
given the initial state ?/ > 0, satisfying the branching property: for any yi,y 2 £ [0, oo), Y under IPyi+ya 
has the same law as the independent sum -|- Y^‘^\ with distributed as Y under {i = 1, 2). 
CSBPs arise as the possible scaling limits of discrete Gabon-Watson processes, and their laws are com¬ 
pletely characterized by theb so-called branching mechanism, which is the Laplace exponent A i—> ?/>(A) 
of a spectrally positive Levy process X. More precisely, one has 

where ut is the unique nonnegative solution of the differential equation 

= -V’(w(6')), no(6') = 0 . 
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By a celebrated result of Lamperti, Y can also be obtained in a pathwise way from X by means a random 
time-change ifTSl . We term the process Y a ?/;-CSBP to specify the underlying branching mechanism. 

In this work, we focus on the case where the function ijj{X) = lnE(e“^^i) has the following properties 
( |1.1| ) and ( |1.2| ), which we assume throughout: 

One has 

= aX + — 1-h Ax)n((ix), A>0, (1.1) 

2 7(0,oo) 

for some a,a > 0 and If a measure on (0, oo) such that oo)(^ ^ x‘^)Il{dx) < oo. Moreover, Grey’s 
condition holds, that is, one has 

Condition ( |1.1[ ) ensures that Y is conservative (i.e. V > 0, < oo) = 1 ) and (sub)critical 

(y)^(0-|-) > 0). Condition ( |L2| ) implies that there is a.s. extinction (i.e. > 0 : = 0) = 1, V 

a: > 0) and that cr > 0 or rn(dr) = oo, so the paths of Y have infinite variation a.s. We refer the 
reader to llT2ll . lIT^ . ll^ for these facts and for general background on CSBP. 

The branching property allows us to construct a family of y)-CSBP as a two parameters process {Yt{v),t > 
0,v > 0), with V ranging over all possible initial population sizes. In a more general setting, this was 
first done by Bertoin and Le Gall [ 8 ] using families of nested subordinators. More recently, Dawson and 
Li constructed such a process by means of a stochastic flow of SDE driven by Gaussian space-time white 
noise and a Poisson random measure. Precisely, in llTOll the process {Yt{v) : t > 0,v > 0) was obtained 
as the unique strong solution of the family stochastic differential equation: 

j-t j-t rY^-iv) pt rY^-iv) roo _ 

Yt{v)=v-a Ys{v)ds + a / VL(ds,dM)-h / / / rN{ds,du,dr), 

Jo Jo Jo Jo Jo Jo 

f > 0, u > 0, 


where W (ds, dtt) is a Gaussian white noise process on [0, oo)^ based on the Lebesgue measure ds ( 8 ) du 
and N is the compensated version of a Poisson random measure N on [0, oo)^ with intensity ds (8) dz/ (8> 
n(dr). Stochastic calculus easily yields the fact that, for each u > 0, the above process is a -(/z-CSBP, 
started from the initial population size v. Moreover, it is shown in irTOll that iYflv) : f > 0, u > 0) has a 
version with the following properties: 


i) for each v > 0,t ^ Yflv) is a cMlag process on [0, oo); 

ii) for each f > 0, u i—>• Yflv) is a non-negative and non-decreasing cMlag process on [0, oo); 

hi) for any 0 < ui < U 2 < • • • < the processes {Yflvj) — Yflvj-i) : t > 0), y = 1,... n are 
independent CSBP with branching mechanism ?/) issued from vj — Vj-i (branching property); and 


iv) if for each 0 < s we denote by (Yg^tiv) ■ t > s) the solution of (|1.3|) starting at time s, that is. 


Ys,t{v) = v-a / Ys^r{v)dr + a 


t pY -M 

I s.r s / 


Y —(v) poo 

s.r s / I 


W{dr,du)+ II J uN{dr,du,du), 

(1.4) 

then for every 0 < s < r we have a.s. {Ys^t{v) : t > r) = {Yr^t{Ys,r{v)) : t > r) (flow properly). 


The family of solulions fo equafion ( |1.3[ ) is fhus called a flow of continuous state branching processes or 
a measure-valued branching process (as in EH). One upshol of such a conslrucfion is fhal, in a similar 
way as in |[8l, one can make sense of fhe genealogy of fhe family of CSBPs ( |1.3| ): an individual y af lime 
f > 0 is a descendanl of fhe individual x al lime s < f if and only if y G {Ysflx—),Ys^t{x)]. 
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There is, however, a more explicit and natural way to encode the genealogy of CSBPs, which relies on 
tree-like topological random objects known as continuum random trees (CRT). This point of view builds 
upon the pioneer works of Ray Il24ll and Knight ifTSl on the quadratic branching case, which imply that the 
full flow of the Feller diffusion can be constructed from the local times, at different heights, of reflected 
Brownian motion. Aldous ||5ll3 later showed how each of the corresponding Brownian excursions codes 
a CRT. These results, together with Ito’s Poissonian representation of the Brownian excursion process 
ifTdl provide in that case a complete description of the genealogical trees of the evolving population. 
More recently, Le Gall and Le Jan Il20ll and Duquesne and Le Gall ITTI extended such a genealogical 
representation to a general class of V’-CSBP. More precisely, under assumptions ( |1.1| ) and ( |1.2| ), those 
works provided a Ray-Knight representation result for a ^/)-CSBP Y in terms of the height and local 
times processes of certain measure valued Markov process, the exploration process, defined using the 
corresponding Levy process X reflected at is running infimum (we recall this construction and the precise 
statement in Section [O] ). 

During the last decade, the scope of mathematically tractable population models featuring branching 
behavior has been considerably enlarged to include models with interactions, immigration and density 
dependence. Negative density dependence, in particular, can represent competition among individuals, 
due to limited resources or other mechanisms. The aim of the present work is to extend the Ray-Knight 
genealogical representation to branching-type populations with competition between individuals. 

1.2 Flows of branching processes with competition 

The prototypical example of a continuum branching model with competition is the logistic branching 
process (LPB), introduced by Lambert in |[T7]| by means of a Lamperti transform of spectrally posi¬ 
tive Ornstein-Ulhenbeck processes. Alternatively, LBPs are defined as scaling limits of some discrete 
population models, where the death rate of each individual owed to competition, is proportional to the 
instantaneous population size. The aggregate competition rate results in that case into a negative drift, 
proportional to the squared population size (see ifTTl for details and further discussion). 

Generalizing that idea, we consider g : [0, oo) —)• [0, oo) a locally bounded function, which we refer to 
as the competition mechanism. Heuristically, g{z) is the rate at which an additional individual in a given 
population of size z would be killed due to competition. We introduce a competitive analogue of ( |L3| ): 

Proposition 1.1. Let W (ds, du) and N{ds, du, dr) be the same processes considered in Q. Define 
G{z) := fg g(u)du > 0. There is, for each v > 0, a unique strong solution of the stochastic differential 
equation: 

ft ft fZs-{v) ft fZ^-(v) fOO 

Zt{v) = v — a Zs{v)ds-\-a / / iy(ds,dti)-|- / / / rN{ds,di',dr) 

lo Jo Jo Jo Jo Jo (-J 

G(Zs(r))ds, t >0. 

Moreover, the process {Zfv) : t > 0,v > 0) admits a (bi-measurable) version such that 

i) for each v > 0, t ^tiv) is a cadldg process on [0, oo); 

ii) for each t > 0, v ^t{v) is a non-negative and non-decreasing cadldg process on [0, oo); 

Hi) for each u > 0, the conditional law of {Zt{v) — Zt{u) : f > 0,r > u) given {Zfx) : f > 0,0 < x < n) 

depends only on {Zt{u) : t > 0); and 
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iv) defining for each s > 0 the process {Zs^t{v) '■ t > s,v > 0) solution to 

rt rt r-Zs,r-iv) rt i-oo 

Zs,t{v)=v — ct / Zs^r{v)dr + a / / M/^(dr, dw)+ / / / uN{dr,di',du) 

Js ’ Js Jo Js Jo Jo 

G{Zs,r{v))dr, 

we have for every 0 < s < r a.s. (Zg^tiv) : t > r) = {Zr^tiZs,riv)) : t > r). 

We call {Zt{v) : t > 0, u > 0) a stochastic flow of branching processes with branching mechanism fii 
and competition mechanism g, or simply stochastic flow of branching processes with competition, if the 
mechanisms are known and fixed. 

In the case that p = C > 0 is constant, one clearly recovers a flow of CSBP as in ( |1.3| ) but, in general, 
the branching property is lost (notice the change in property (iii) between solutions of ( |1.3| ) and solutions 
of ( |1.5| )). It is easily checked that in the linear case, when g{x) = 2cx say, for each u > 0 the process 
t I—)• Zt{v) reduces to the usual logistic branching process studied in lfT7]l (with competition intensity 
c > 0). If moreover 11 = 0, one gets the so-called logistic Feller diffusion 

dZt = {-aZt - cZj) dt + ay/YtdBt, Zq = v, (1.6) 

for which the case —a > 0 has been studied by Le et al. llT9]| and Pardoux and Wakolbinger |[23l. 

The competition dynamics implicit in equation ( |1.5| ) is determined by an ordering of the population. 
Indeed, if the complete population is identified with the positive half-line, we are implicitly assuming 
that an individual at x > 0 can only be killed “from below”, i.e. by the fraction of the population in [0, x), 
at rate given by g{x). The downward drift G{Zt{v)) = g{u)du thus corresponds to the total rate 

of killing at time t in the population started from size v at time 0. This picture is similar to the point if 
view adopted in ifT^I^ to establish a genealogical representation for the logistic Feller diffusion, which 
we further discuss later. 

Although one can already read the genealogy structure in ( |1.5[ ), our main aim here is to describe this 
genealogy using a Levy CRT, that is, in a manner analogous to the Ray-Knight theorem for CSBP. 
Following ll20l and ifTTI . we next recall in details that result and introduce some basic objects we require. 

1.3 Levy CRT and Ray-Knight Theorem for flows of CSBP 

We briefly review here the exploration process, introduced in EOll to construct the Levy continuum 
random tree from a spectrally positive Levy process and used in lITTIl to define the continuum genealogy 
of the associated CSBP. We follow lITTIl and lO and refer to Chapter 1 of the former for detailed proofs 
and further background. 

Let X be a Levy process with Laplace exponent ijj satisfying the standing assumptions. Zero is then 
regular for X reflected at its running infimum. We denote the latter process by I* := inf Xg and 

0<s<t 

recall that —I is a local time at 0 for the strong Makov process X — I. For 0 < s < f we denote by 
If = inf Xr the two parameter process known as future infimum of X. The height process = {Hf : 

s<r<t 

t > 0) is defined for each f > 0 as Hf = liminf ^ l^Xs<ii+£}J^ (which, by time reversal, is the 

total local time of the dual Levy process on [0, t] reflected at its supremum) and measures for each t > 0 
the size of the set {s < f = infj^ t] Xr}. This process is neither Markovian nor a semimartingale 
unless X has no jumps (in which case it is a reflected Brownian motion with drift). However it does 
always have a version which is a measurable function of some strong Markov process, called exploration 
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process. The exploration process p = {pt ■ t > 0) takes values in the space of finite measures in M+ 
and, for each f > 0, it is defined on bounded measurable functions / by 

{pt,f)= f 
Jo 

where dglf denofes Lebesgue-Sfielfjes infegrafion wifh respecf fo fhe nondecreasing map s ^ If. Equiv- 
alenfly, one can wrife 

Pt{dr) = /31^0 HO]{r)dr+ ^ {It - X,-)5Ho{dr). (1.7) 

o<s<t,x^_ <q 

In parficular, fhe measure pt can be wriffen as a function of fhe excursion of fhe refiecfed Levy process 
{Xg — Is ■ s > 0) sfraddling t. Furfhermore, t pt is cadlag in fhe variafion norm, pt has fofal mass 
{pt, 1) = Xt — It for each f > 0 and pt({0}) = 0. The process defined by Ht := supsupp(pt) (wifh 
supp(/r) fhe fopological support of p and fhe convenfion fhaf sup 0 = 0) is a confinuous modificafion of 
and one has supp(/9i) = [0, Ht] when pt / 0. This also implies fhaf fhe excursion infervals ouf of 
zero are fhe same for X — I, p ox H. We call N fhe excursion measure (away from zero) of fhe sfrong 
Markov process p or, equivalenfly, of X — 

Under N, fhe process s ^ Hg is a.e. confinuous, non-negafive wifh compacf supporf and we have 
Hq = 0. If fherefore encodes a free, as follows. Lef C, = inf{s > 0 : Hg = 0} denofe fhe lengfh of fhe 
canonical excursion under N. The funcfion du on [0, given by 

dnis, t) = Hg + Ht - 2Hg^t wifh Hg^t ■= inf Hr , 

sAt<r<s\/t 

defines an equivalence relation whereby {s t) (d/r(s, t) = 0), Vs, t < (. Hence, du induces 
a disfance on fhe quofienf space Th = [0, C]/ which is fhus a compacf mefric space, more precisely, a 
“real free”. Thaf is, any fwo poinfs are joined by a unique, up fo re-paramefrizafion, confinuous injecfive 
pafh, isomorphic fo a line segmenf[^ 

The Ip-Levy random tree (or Levy CRT) is fhe real free {TH^du) coded by H under fhe measure N. 
Hence, each s G [0,C] labels a verfex af heighf Hg in fhe free and dnis^t) is fhe disfance befween 
verfices corresponding fo s and f; accordingly, Hg^t represenfs fhe heighf (or generafion) of fhe mosf 
recenf ancestor common to s and t. The equivalence class of s = 0 is termed root and the unique path 
isomorphic to [0, Ht] connecting it with the class of f > 0, is interpreted as the ancestral line or “lineage” 
of the individual corresponding to t. Thus, pt can be seen as a measure on this lineage, describing the 
mass of sub-trees grafted on its right. 

Under P, the process of excursions of p is Poisson with respect to the local time clock at level 0, with 
intensity measure N (much as reflected Brownian motion is a Poisson point process of Brownian excur¬ 
sions). The genealogy of the population is then described by the “Levy forest” T defined as fhe union of 
fhe corresponding Poissonian collection of frees. 

Since 77^ = 0 if and only if Xt — It = 0, fhe local fime af level 0 of 77 is nafurally defined as fhe process 
Lj := —It- One way of defining fhe local time process (L“ : f > 0) of 77 af levels o > 0 is fhrough fhe 
spafial Markov properfy of fhe exploration process: if for each f > 0 we sef 

rs PS 

r“ := inf{s > 0 : / l{Hr>a}dr > t} = inf{s > 0 : / l{pp(a,oo))> 0 }dr > t} (1.8) 
7o Jo 

and ff := inf{s > 0 : l^Hr<a}dr > f}, fhen fhe measure valued process (/?“ : t > 0) defined by 

{Pt,f)=[ pT-{dr)f{r - a) (1.9) 

J (a,oo) 

^ The reader is referred to [m for further topological background. 
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has the same distribution as {pt '■ t > 0), and is independent of the sigma field generated by the process 
Pfa) : t > 0). Thus, for each f > 0, we define ;= P where ;= (f“(s) : 

s > 0) denotes the local time at 0 of the Levy process reflected at its infimum ((p“, 1) : s > 0). 

The Ray-Knight theorem of Duquesne and Le Gall iHTl Theorem 1.4.1] states that, for each x > 0, a 
-(/j-CSBP starting at x is equal in law to the processes : o > 0), where 

:= inf{f > 0 : = x}. (1-10) 

Thanks to the strong Markov property of the exploration process and to the branching property iii) of 
process ( |1.3| ), this result obviously extends to a two-parameter processes as follows: 

Theorem 1.1 (Ray-Knight representation for flows of CSBP). The process {L9p : a > 0, x > 0) and 

the process iYa{x) : o > 0, x > 0) given by ([T3]) have the same law. 

1.4 Pruning of Levy trees 

Following 111 m, the pruning of a real tree or forest T at a discrete of points f C T is the subset 
of T defined as the union of the connected components of T \ r containing the roots. According to 
those works, if conditionally on the corresponding Levy forest T the point configuration is randomly 
distributed as a Poisson point process of intensity 0 > 0 (with respect to the natural length measure on 
the skeleton of T), then the resulting pruned random subforest T® has the same law as the the random 
Levy forest associated with the branching mechanism 

iPeW:=iP{X)+eX-, (1.11) 

see in and Proposition |L2| below for rigorous statements in terms of exploration and local times pro¬ 
cesses, respectively. In order to formulate a genealogical representation for process ( |L5| ) analogue to 
Theorem I Ll[ we will extend those ideas, by pruning the Levy forest at variable rates. 

To that end, we need to first formalize the notion of a Poissonian configuration of points on the product 
space T xM+, with, as intensity, the product of the respective length (Lebesgue) measures. The following 
notation will be used in the sequel: 

• stands for the space of compactly supported Borel measures on M+. For p G ./#J?(]R_|_), 
we set H[p) := sup supp(/i), where supp(;u) is the topological support of p and sup 0 := 0. 

• denotes the space of atomic Borel measures on with unit mass atoms. 

• V := {{p, rj) G .^j?(M+) x : supp p = [0,H{p)) and supp rj C [0,H{p)) x M+}. 

The object next defined is an instance of the snake processes introduced in ifTTl . It extends, in a way, 
a Poisson Levy-snake used in |!J| to prune a forest at constant rate, and it is essentially a variant of the 
objects used in mm to define fragmentafion processes by means of Levy frees. (See Section [3^ below 
for its construction as a snake process and the precise topology that is put in V.) 

Deflnition 1.1. We call exploration process with positive marks or simply marked exploration process a 
cadlag strong Markov process {{ps,Ms) '■ s > 0) with values in V such that 

1. (ps : s > 0) is the exploration process associated with the Levy process X; 

2. conditionally on {ps ■ s > 0), for each s > 0, Mg is a Poisson point measure on [0, Hg) x M+ with 
intensity the Lebesgue measure. Moreover, for all 0 < s < s', 
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• Afs'{dr,diy)l{^<H^^^,} = ■^s{dr,du)l{r<H^^^,} a.s. and 

• ^,} and A4(dr, d;^)l|r>/^^ ^,} are independent point processes. 

The last two properties in point 2. naturally correspond to the random tree structure of T and are classi¬ 
cally referred to as the snake property. Thanks to them, the Poisson snake M induces a point process in 
the obvious quotient space T x M+ of M+ x M+. Hence, the Poisson process A4 describes the restriction 
of that point process to unique path in T isometric to [0, Hg] joining the root and the point labeled s > 0. 

Note that given 0 > 0, the point process defined for each t > Oby 

ml{A) = N't{A X [0,0]) V Borel set A C [0, Ht), 

is standard Poisson of rate 9 on [0, Ht), conditionally on T. The pair {{pt, rnf) : t > 0) thus corresponds 
to the exploration process “marked on the skeleton at rate 6” of Q. According to that work, the “pruned 
exploration process” defined by {pf : t > 0) := ■ t > 0), wifh Cf fhe righf-confinuous inverse of 

=0}d'S) 

codes fhe genealogy of fhe population of individuals wifh no marked ancesfors (cf. time changing by Cf 
when exploring fhe free amounfs fo skipping individuals wifh and afom of mP in fheir lineages). If was 
fhen shown in ISj Theorem 0.3] fhaf {p(je : f > 0) has fhe same law as fhe exploration process of a CSBP 
wifh branching mechanism ipQ as in ( |1.11| ). Thai resulf can be resfafed in a way fhaf connecfs pruning, 
local fimes and sfochasfic flows of CSBP, which is relevanf fo bofh mofivafe and prove our main resulfs: 



Proposition 1.2. Let 9 > 0 be fixed and for each t,a >0 define 


: = 


^{m^=0}^^s 




Then, the process defined by yLf^{mP) : a > 0, x > Oj with as in ( fTTOl ), has the same law as the 
stochastic flow of CSBP 


Yjp(x) = X — a Yg (x)ds + a 

Jo 

(•a l‘Y^_ (x) POO 


,y/_(x) 


to Jo 


+ 


0 Jo 


W{ds, drt) 

POO pa 

/ riV(ds, dz/, dr) — / 0y/(x)ds, f>0,x>0. 

Jo Jo 


( 1 . 12 ) 


The proof of Proposifion |1.2| is given in Appendix |A.1| In words, fhis resulf sfafes fhaf pruning T af 
consfanf rafe 9 and measuring fhe local fimes : t > 0, a > 0^ in fhe obfained subfree, amounfs 

fo infroducing af fhe level of sfochasfic flows an addifional driff ferm fhaf corresponds fo a consfanf 
compefifion mechanism g{y) = 9. This suggesfs us fhaf, in order fo obfain a pruned foresf whose local 
fimes equal in law a flow of branching processes wifh general compefifion g (as in ( |1.5| )), one should 
firsf be able fo prune T af a rafe fhaf can dynamically depend on fhe “previous information” in fhe 
explorafion-fime and heighf senses. 


Wifh fhis aim, denofe by Vred{J\f) (for predicfable) fhe sigma-field generafed by confinuous fwo- 
paramefer processes, whose value af each poinf {t, h) is measurable wifh respecf fo fhe exploration 
process p up fo time t, and fo afoms of fhe Poisson snake M below heighf h up fo time t (see ( |3.1| ) 
and Definition |3^ in Sectionfor fhe precise definitions). 










Definition 1.2. A real process /i) : /i > 0, t > 0) is called a height-time adapted intensity process 
or simply adapted intensity process if it has the following properties: 

1. The process {'d{s, r) : s > 0, r > 0) has a version which is 'Pre(i(AA)-measurable. 

2. For each t h) is a.s. locally integrable. 

3. For each pair s, s' > 0 one a.s. has i9(s', h) = 'd{s, h) for dh a.e. h < 

Property 3. above will be refereed to as the semi-snake property of adapted intensity processes. Using 
these objects and the Poisson snake, we can put marks on the tree at height-time adapted rates as follows: 

Definition 1.3. Let {{ps,Ms) : s > 0) be the marked exploration process and r? = {'d{t, h) : t > 0,h > 
0) be an adapted intensity process. The exploration process marked at adapted intensity is the process 
((/9<j, m^) : s > 0), with mf G the point process given for each f > 0 by 

mf{A) = Aftiiih, o) : h e A, o < 'd{h, f)}) for all Borels set A C [0, Ht). (1-13) 

Last, in order to measure at each height the mass of individuals in the pruned forest up to a given 
exploration time (generalizing the idea in Proposition [L^, we introduce: 

Definition 1.4. We call local time process pruned at rate ??, or vnf-pruned local time, the process 
: f > 0, r > 0) defined by 

Ll{m^) := [ l|^^=o|dL^ = [ l|^^([o,H,))=o}d^^ > r > 0,f > 0. 

Jo Jo 

With these notions in hand, we now turn to the questions of what adapted intensity process we should 
look for, and state our main results. 


1.5 Main results 


A closer comparison of ( |L12| ) and ( |L5| ) indicates that, in order to obtain a subforest T* encoding the 
genealogy of the process ( |L5| ), we should prune T at each point at rate equal to g of the local time left 
of it in T* ■ In terms of the objects we have just introduced, this means that the corresponding adapted 
intensity d* should solve, in a certain sense, some fixed poinf equafion. The nexf resulf gives a precise 
meaning fo such an objecf and granfs ifs exisfence: 

Theorem 1.2. Let g be a competition mechanism and let F : b ^ F{J)) denote the operator acting on 
adapted intensity processes by 

F{'d) = b ', with iJ^t, h) = g{L^{m'^)) for all (f, h) G . 

Then, F^b)) is also and adapted intensity process. Moreover, if we assume that 

g : IR+ —)• M+ is non decreasing and for each M > 0 there is c{M) > 0 such that 

\ 9 {x) - g{y)\ < c{M)\x - y\ \/0<x,y<M, ^ ^ 


the operator F has a fixed point h), a.e unique with respect to P(da;) 0 6.10 l[o,/i't(i.j )){h)dh. 


The following fheorem provides fhe genealogical represenfafion of a flow of branching process wifh 
compefifion we are looking for and is fhe main resulf of fhe paper (nofe fhaf is fhe same as in (|L10[)). 


Theorem 1.3. Suppose that condition on the competition mechanism g hold. Let iJ* denote the 


adapted intensity process given by Theorem 1.2 Then, the processes {Lf {mf ) : a > 0, x > 0) and 


{Za{x) : a > 0, X > 0) given by are equal in law. 
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1.6 Plan of the paper 

In Section]^ we prove Proposition [TTT] using variants of techniques introduced in ifTOl and some results 
established therein. A Lamperti type representation for process ( |1.1| ) (for fixed v) is also discussed. 

In Sectionj^we will first settle some technical issues required to prove Theorems 1.2 and 1.3 concerning 
in particular filtrations and measurability aspects, as well as properties of the operator F. We will then 
study the sequence of adapted intensities defined by = 0 and together with the 

pruned local times they induce. Heuristically, noting that yields a pruned local time process which 
is smaller than the (non pruned) one associated with the fact that g is nondecreasing implies that 
is smaller than Pruning according to then implies “pruning less” than when using 
and this yields that . B y ite rating this reasoning one gets that < • • • < 

-jjfs) < < ^(1) The proof of Theorem [l^ makes this remark rigorous and is achieved showing that 

the sequences and (i)( 2 n+i)^ converge to the same limit, which is a fixed point of F. 

In Section]^ we will prove Theorem |1. 3 1 by putting in place a careful approximation argument inspired 
by Proposition |1.2| More precisely, we will first construct an approximation of the stochastic flow of 
branching processes with competition ( |1.5[ ) by means of a flow of CSBP with “piecewise frozen” killing 
rate, specified by constant negative drifts in a rectangular bi-dimensional grid of constant time-step length 
and initial population size. We will then construct an approximation of the pruned local time process 
given by Theorem |1.2[ pruning the original forest at constant rates inside blocks of some height-local 
time grid. The blocks of this second grid are defined in such a way that they are in correspondence, 
via Proposition [T^ with the rectangles of the stochastic flow grid. The proof of Theorem 1 1.3 [ will then 
be deduced, noting first that these two grid approximations globally have (as two parameter processes 
defined in different spaces) the same law, and then showing that when the rectangle sizes go to 0, each 
of them does actually converge (in a strong enough way) to the respective processes they intend to 
approximate. The technical proofs of these facts are differed to the last two sections. 

In Section we prove the convergence of the stochastic flow grid-approximation, using stochastic cal¬ 
culus and some technical ideas adapted from ifTOl . In Section]^ combining Proposition 1 1 .2| with global 
properties of stochastic flows and of local times, we first identify the law of the local time grid ap¬ 
proximation with that of the stochastic flow grid approximation. Then, we prove the convergence of 
the former to the pruned local time process constructed in Theorem |1.2[ using mainly techniques from 
snake-excursion theory. Finally, some technical or auxiliary results will be proved in the Appendix. 

Before delving in the proofs, we devote the next subsection to a discussion of our model and results and 
of their relations to related works in the literature. 


1.7 Discussion of related results 

In ||T3, (see also ll22l l23l ) a Ray-Knight representation theorem for the logistic Feller diffusion was 
obtained. These authors constructed a process H which can roughly be described as a reflected Brownian 
motion with a negative drift, proportional to the amount of local time to the left and at the same height 
of the current state. More precisely, H is defined as the (unique in law) solution of the SDE 

Hs = -Bs + ]-Ll{H)-—s-cf\^^{H)dr, s > 0, (1.14) 

a 2. ^ Jo 

where a < 0, i? is a standard Brownian motion and Tf (Ff) the local time accumulated by H at level 
a > 0 up to time s > 0. 

The main result is that the local time process of H, i.e. the process ((it^/4)L^^ (H) : a > 0), is a weak 
solution of ( |1.6| ) (here, is the stopping time = inf{s > 0 : LO(FF) > x} which is unchanged if H 
is replaced by B). The downward drift of H can thus be understood as a rate of killing which increases 
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the farther to the right one looks, so that excursions appearing later with respect to exploration time 
tend to be smaller. Individuals are thus represented as being arranged “from left to right” and as though 
interacting through “pairwise fights” which are always won by the individual “to the left” (hence lethal 
for the individual “to the right”). Under another (more pathwise) guise, we adopt the same “trees under 
attack” picture here using pruning (notice also that solutions of ( |1.5[ ) generalize a path-valued Markov 
process used in lfT9ll l. There is nevertheless no obvious extension, to the present setting, of the arguments 
and techniques in |[T^ . which strongly relied on the SDE description ( |1.14 ) of the corresponding height 
process. We must point out however that our results do not cover the case a < 0 (hence, a supercritical 
branching mechanism) treated therein. 

In n, Berestycki et al. study measure valued branching processes with interactive immigration, as in¬ 
troduced and discussed by Li in |[2T1 . in the spirit of the systems of stochastic differential equations 
Ojof [[Toll . The main result in f?) is a Ray-Knight representation for those branching processes with 


immigration. More precisely, suppose that we want a representation of the solutions of 
f Xt{v) = v + pQ rN(ds, do, dr) + v g(Xs(l)) ds, 

Ug [0,1], t>0, 


(1.15) 


where g is now an immigration mechanism, supposed to be non-negative, monotone non-decreasing, 
continuous and locally Lipschitz continuous away from zero. Observe that this is very similar to equation 
( |1.5| ) with (T = 0 and a positive drift term instead of a negative one, which is however also dependent on 
the current state of the population. Let (sj, Ui, a*, e*) be a Poisson point process with intensity measure 
ds (8> du (8) da (8) N(d(e)) (with N denoting here the excursion measure of the height process H) and 
define wl fo be fhe fotal local lime al level t of fhe excursion e*. If is shown in ITII fhal, for all v G [0,1], 
fhere is a unique cadlag process {Zt{v),t > 0) safisfying P-a.s. 


^t{v) X]si>0 '^{ai<v)'^{ui<g{Zs.-{!))): 
Zo(v) = V. 


t > 0, 


(1.16) 


and Z is a weak solulion of ( |1.15| ) ^ The existence and uniqueness of fhe process Z is analogue lo 
our Theorem |1.2| (and is also proved by a fixed poinl argumenl) while fhe facl fhal Z is a solulion of 
( |1.15| ) is analogue lo our Theorem |1.3| Lef us underline, however, fhal in ||7l fhe posilive drill represenls 
an inleraclive immigration while here we have a negalive drill corresponding lo a competition. This is 
reflected of course in Ihe facl lhal instead of adding excursions as in |7] we musl here prune Ihe real 
foresl coding Ihe evolulion of Ihe populalion. In spite of Ihe similarilies, adapling techniques in f7l| lo 
Ihe presenl selling does nol seem lo be simple. 


2 Continuous state branching processes with competition 

Recall lhal G{x) = g(y)dy denotes Ihe primilive of Ihe compelilion mechanism g. In Ihis seclion, 
given a fixed funclion z G D(M+, M+), we will moreover consider a lime inhomogeneous compelilion 
mechanism gz : M+ x M+ —IR+ defined as gz(t,y) = g{zt + y)- We denote ils primilive in v by 
Gz{t, x) := g{zt + y)dy, which is locally Lipschilz in x, locally uniformly in t. 

Also, we will repeatedly use Ihe following simple resull (analogue lo Levy’s characlerizalion of n- 
dimensional Brownian motion) Ihe proof of which is omitted: 

^The full result is actually that the Poisson point process can be constructed to obtain a strong solution with respect to a 
given noise to equation l|1.15h 
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Lemma 2.1. Given {St)t>o a filtration in some probability space and n, m G N, let {Ml : t > 0)j<n 
and {N^ : t > 0)k<m respectively be continuous {St)-local martingales and {St)-adapted counting 
processes such that, for some real numbers a* > 0,i < n, and bk > 0,k < m, one has: 

i) for every i,j < n, (M*, M^)t = CLidijt and allt>0 (with Sij the Kronecker delta); and 

ii) for every k,l < m the processes {Njl)t>o and {Nl)t>o have no simultaneous jumps, and (iV/')t>o 
has the predictable compensator b^t. 

Then, {a^ : t > 0)j<n are standard {St)-Brownian motions, {N^ : t > 0)k<m are standard {St)- 

Poisson processes with respective parameters {bk)k<m and all these processes are independent. 


2.1 Basic properties of the stochastic flow 

Proof of Proposition \l.l\ . We first prove parts i) and iii), leaving ii) and iv) for the end of the proof, 
i) The tuple of functions (6, cr, go,gi) defined by 

•XI—)- h{x) := —ax — G{x) ; 


• {x,u) H- a{x,u) := 

• (x, u, r) hG gQ{x, u, r) = gi (x, u, r) := rl|j,<3,}, 

are admissible parameters in the sense of conditions (2.a, b, c, e) in ifTOl Section 2]. Then, lITOl Theorem. 
2.5] readily provides for each n > 0 the existence of a unique strong solution to ( |1.5| ) and proves i). 

iii) Observe first that for each x > 0 and each z G D(]R+, M_|_) the same arguments of ifTOl Theorem. 2.5] 
can be used to prove strong existence and pathwise uniqueness for the stochastic differential equation 


rt pt j-Zl_{v) 

Zl{v) = v — zo — a / Zl{v)ds + a / / VL(ds,dn) 

Jo Jo Jo 

n z^_ (v) POO Pt 

/ riV(ds, dz^, dr) — / Gz{s, Zl{v))ds, t > 0. 

Jo Jo 


( 2 . 1 ) 


In particular, the solution Zl{v) is adapted to the filtration generated by W and N. We claim that, for 
each fixed v > u > d fhe process := Zfiv) — Zfiu), t > 0 satisfies a similar equation, but with a 
randomized z. Indeed, from (fT3]l we have 


t pTs- 


Tt = v — u — a / Tsds + (T 



IL'(ds,dm) 


0 JO 


+ 


( 2 . 2 ) 


0 Jo 


/ rN'{ds,du,dr) - G^.(„)(s, T^)ds, t>0, 

lo Jo 


where now 

W'{ds,dw) = W{ds,dw + Zs-{u)) 
is an orthogonal martingale measure (in the sense of Walsh ESlH and 


N'{ds, dz^, dr) = A^(ds, do + Zs-{u), dr) 


is a random point measure. Using standard properties of integration with respect to W and N, we 
can then check that for arbitrary Borel sets ... An in M+ and Bi,..., Bm in M^, disjoint and of 
finite Lebesgue measure, the processes Mj := W'{[d,f\ x Af) and := A^'([0,f] x Bf) satisfy the 
assumptions of Lemma 2.1 with the filtration given by St := cr (VU([0, s], dm), A^([0, s], dr, dz^), s <t) 


12 




and with constants ai := die < oo and bk = f n(r)drdi^ < oo. This implies that W and N' 
are respectively a Gaussian white noise process with intensity ds <8) dm and a Poisson random measure 
with intensity ds (8 dz^ (8 n(dr), both with respect to {St)t>o, and independent of each other. 

In order to prove iii), it is thus enough to show that the pair {W',N') is independent from := 
a{{Zt{x) : t > 0,0 < X < u)) (indeed, we can then apply pathwise uniqueness for ( |2.1| ) conditionally 
on to get that T is a measurable function of {W, N', Z{u)), and immediately deduce the desired 
property). To that end, we enlarge the probability space with an independent pair {W, N) equal in law 
to {W, N) and define, given 0 < ui < ■ ■ ■ < Up < u, the processes 


VP(ds,di/) := ljQ^^^_](z^)PP(ds,dz^) + l( 2 ^__^)(i/)iy(ds,di/- Zs_) and 
iV(ds, dz^, dr) := Ijq (i/)iV(ds, di^, dr) + l(^^_^^^(z^)iV(ds, dz^ - Zs-,dr) 


where Zg = uiax.{Zs{ui) : I = 1, ...,p}. Call (5^) the filtration generated by {W, W, N, N) and, given 
families of sets (Aj)j<„/ and {Bk)k<m' with similar properties as (^i)i<n and {Bk 


above, define M^ := PP([0,t] x Ai) and := A^([0,f] x Bi). Thanks fo Lemma 


fo fhe families (M' 


)i<n 




i<n' 


and 


k<m 


,(iv 


lk<m' 


k<m considered 
now applied 


2.1 


and fhe filfrafion [S^], we readily 


gel lhal fhe process {W, N) has fhe same law as {W, N) and moreover, fhaf {W, N') and {W, N) are 
independenf. Since fhe processes Z{ui),l = 1, ...,p are adapfed fo (5^*) and fhey also solve a sysfem 
of SDEs as in buf driven by {W, N), sfrong existence and pafhwise uniqueness for such equations 
imply fhey are measurable funclions of {W, N). Hence, fheir independence from {W, N') follows, 
ii) For each f > 0, fhe fad lhal v ^ Zt{v) is increasing can be deduced from fhe comparison properly 
slafed in ifTOl Thm. 2.3]. Moreover, if is easy fo show using similar argumenls as in fhe proof of ifTOl 
Prop. 3.4], lhal fhere is a locally bounded non-negative function 1 1 —)• C{t) on [0, oo) such lhal 


E 


I sup \Zs{v) - Zs{u)\\ 


< r(f.) Ui 


(2.3) 


for V > n > 0. Alternatively, one can use a simple extension of IIIOI Thm. 2.3] fo stochastic flows wilh 
lime inhomogeneous drifl terms in order to show lhal, for each u > 0, fhe solution {Z^{v) : f > 0) of 
p. 1| ) when zq = uis a.s. dominated on [0, oo) by fhe solution {Yt{v — u) : f > 0) of ( |1.3| ), Ihen deduce 
by conditioning firsl on {Zt{x) : t > 0,0 < x < u) (and using pari iii)) lhal 


e| sup \Zs{v) - Zs{u)\ \ <e\ sup |y/(u-u)|j, 

Lo<s<Z J Lo<s<Z J 

where Y' is defined in terms of {W, N') in the same way as Y was in terms of {W, N), and conclude the 
bound p.3| ) from ifTOl Prop. 3.4]. Thanks to p.3| ) and ifTOl Lemma 3.5], we can follow the arguments in 
the proof of lITOl Theorem 3.6] to deduce that the path-valued process {Z{v) : v > 0) has a cadlag mod¬ 
ification, using when necessary the Markov property stated in iii) instead of the independent increments 
property of the process {Y{v) : v > 0). 

iv) This part follows by similar arguments as in Theorem 3.7 of ifTOll . □ 


Remark 2.1. Recall that in ifTTl . logistic branching processes were constructed by a Lamperti time- 
change of certain Levy-driven Ornstein-Ulhenbeck processes. A similar approach also works here: for a 
fixed inifial population u > 0 if is possible to conslrucl fhe process Z{v) by a Lamperti Iransform of fhe 
solufion U fo fhe Levy-driven SDE 

dUt = dXt - t>0, Uo = v. (2.4) 

Ut 

A precise sfalemenl (nol required in fhe sequel) and a skelch of ifs proof are given in Appendix |A.6[ 
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3 Competitive pruning 


3.1 A Poisson Levy-snake 


In order to settle some basic prop erties of the exploration process marked at height-time adapted rate 
((/ 9 <j, m^) : s > 0) (cf. Def. 1.31, we need to first make precise the way the marked exploration pro¬ 


cess {{ps,Afs) : s > 0) of Definition o enters into the general framework of Levy-snake processes 
constructed in ifTTl Chapter 4]. 


Recall that, given (the law of) a Markov process {^r)r>o with cMlag paths and values in a Polish space 
E, which is furthermore continuous in probability, the snake with path-space component ^ is a Markov 
process : f > 0 ) with p the exploration process and such that, conditionally on p, for each 

f > 0, = {^r\r < Hi) is a path of ^ killed at Ht and for t < s, the Markovian paths and 

are related by the snake property. That is, and are a.s. equal on [0, Lft,s] and, conditionally on p 
and one their value at time Ht^s, their evolutions thereafter are independent (see IfTTl Proposition 4.1.1]). 

For j = 1,2, let us respectively denote by and the space of Borel measures in 

and the corresponding subspace of atomic Borel measures with unit mass atoms. We endow the 
space ^(M+) with a complete metric inducing the topology of vague convergence (equivalent to weak 
convergence of the restrictions to every compact subset of M+). Given vr a Poisson point measure on 
with intensity dx 0 dy, seen as a random element of we consider the increasing ^at(^+)- 

valued additive Markov process {Cr)r>o (issued from 0) defined by 


?r(-) = 7r([0,r] X ■),r> 0. 


Then, ^ clearly has the above dicussed properties and we can therefore construct the associated Levy 
snake {{pt, : f > 0). The marked exploration process {{pt,J\ft) ; f > 0 ) is then defined setting for 

each f > 0 : 

A/i((a, h]x A) = — ^^\A),\/0 < a < b < Ht and A C M_,_ Borel 


and A/t({0} x •) = 0. This uniquely determines a random element or point process Mt G It 

is easy to see that {{pt,J\ft) ■ t > 0) thus defined fulfills the distributional conditions in Definition |L1[ 

The space V introduced in Section 


1.4 


is given a topology as follows. The set 


/ 1 ^+, 


IS seen as a 


subset of the space .^/(]R+) of finite Borel measures, endowed with the weak topology and an associated 
complete distance D. Consistently with the previous construction, given a pair {p, 77 ) G V we identify 77 
with the increasing and killed cadlag path [ 0 , H ( 77 )) —)• given by 


r !-)• r7([0, r] X •). 

Finally, as in IfTTl Section 4.1], we endow the space V with the complete distance 

rHMAHit,’) 

[du{v(u),v[u)) ^ ij du+\H{p)-H{p)\ +do(?/(o), ??(o))> 

for all (77, 77 ), (/i', r/') G V, where for each 77 G [ 0 ,Lf( 77 )), is theSkorohod metric onD([0, 77],./#(M+)) 
and r7(„) is the restriction to [0, 77] of the increasing path associated with 77 ^ The fact that {{ps,Ms) : 
s > 0 ) is a cadlag strong Markov process in V is then granted by the general results in ifTTf Chapter 4]. 

^Notice that do corresponds to the metric on ^ (K+l- 
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3.2 Marking at height-time adapted rates 

In all the sequel, we will write {Tt)t>o for the right continuous complete filtration generated by : 

t > 0), and for the one generated by {pt ■ t > 0). For each f > 0, we moreover introduce 

(0r*^)r>O the right continuous completion of the filtration given by 

(■^f,{-^sl[ 0 ,r]xR+,S <t}) , r>0. (3.1) 

In particular, for each r, t > 0 we have 

c gp c j). 

Remark 3.1. Heuristically, contains all the information to the left of t for p and to the left of t 
and below r for J\f. Notice that conditionally on g^'^ = Mt is a Poisson process in the filtration 
(cj {F[, {A4|[o,r]xR+ }))?->o- Hence, (^^*^)r>o is obtained by progressively enlarging that filtration with 
the sigma-fields 

a {Fl^,{Ms\[H,,t,r]xR+i{Hs,t<r} ■ S < t}) , r > 0 

which are independent from it conditionally on by the snake property of {{ps,Ms) '■ s > 0) (cf. 
they contain information of marks which are not in the lineage of t). 


The following property is then easily deduced: 

Lemma 3.1. For each t > 0, conditionally on g^^ the point process Mt on is Poisson of intensity 
l[o_/fj)(r)dr (g) dv, with respect to the filtration {gr^)r>o- 

The use of Poisson calculus for Mt with respect to the filtration (g^*^)r>o is thus possible but some care 
is needed regarding measurability issues. We need to introduce 

Definition 3.1. For each t > 0, Vred'd'> denotes the sub sigma-field of H(M+) ® Ft generated by 
(0r*^)r>O -adapted processes (a(r) : r > 0) which have continuous trajectories. 

Definition 3.2. We denote by Vred{M) the sub sigma-field of H(M+) ® ® Foo generated by 

processes (6(s, r) : s > 0, r > 0) such that 

1. for each (s, r) G b{s, r) is measurable, 

2 . the process (s, r) i—)• h{s, r) is continuous. 


Remark 3.2. A monotone class argument shows that if ( 6 (s, r) : s > 0, r > 0) is Vred{M)- measurable, 
then {b{t, r) : r > 0 ) is -measurable for each t > 0 (the converse is not true). 


Recall that, given an adapted intensity process d, in Definition 1.3 we introduced for each s > 0 the 


point process m” in , 


iat\ 


defined by 


mf(A) = Ms({(h, u) : u < 'd{h, s) and h G V real Borel set A. 
Thus, {{ps,rMg) : s > 0) takes its values in the space of “marked finite measures” 

S := {{p,w) G X ^at{R+) ■ supp(t(;) C [0,Ff(/u))} 
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considered in fj]. In a similar way as for elements of V, for (/r, tc) G S we now identify the measure 
w with the increasing element of D(M+,M) given by the path v i—)■ tc([ 0 , n]) killed at H{p) (i.e. the 
cumulative distribution of w). Following again ifTTl Chapter 4], § is endowed with the complete metric 

:= C»(^,/r')+ / A ij du+\H{n)-H{^i')\ +do(w^(o),'w^(o))> 

(3.2) 

with du the Skorohod metric on ID)([0, tt], M+) and the restriction to [0, u] of w. 

Next result gathers basic properties of the process {{pt, mf) : t > 0) needed in the sequel: 

Lemma 3.2. Let {{pt, mf) : t > 0) be a marked exploration process with adapted intensity 

i) For each t > 0, the increasing cddldg process h i—)• mf([0,/i)) is {Q^^)h>Q-adapted and its 

predictable compensator in that filtration is h i—)• '&{r, t)dr. 

ii) For each pair of time instants s and s' one has, almost surely, 


in) {{pt, mf) : t > 0) is an {F't)mdapted and cddldg process with values in (S, d). 

iv) A marked exploration processes with adapted intensity {{pt,mf ): t > 0) is indistinguishable 
from {{pt, mf) : t > 0) if and only ifa.s. '&{t, h) = ’d'f, h) a.e. with respect to df ( 8 ) 

We will refer to property ii) above as the semi-snake property for marked exploration processes. 

Remark 3.3. Notice that independence of mffdr)!!^^^ s < s' 

(hence the full “snake-property”) will in general fail to hold. Moreover, {{pt,mf) : f > 0) is not 
Markovian in general (an exception is the case of id constant, where the marked exploration process is 
itself a snake process, with a standard Poisson process as path-space component). 

Remark 3.4. Observe that for each f > 0 the process h id{h, t) is determined from mf only dh 
a.e. (as the Lebesgue derivative of its compensator). In view of this and of part iv) of Lemma [L2t two 
adapted intensities id and id' are identified if any of the two equivalent properties therein hold. 

Proof of Lemma \3.2\ Part i) is straightforward using the compensation formula for Mt with respect to the 
filtration {Qh^)h>o, conditionally on iFf = . 

For part ii), taking conditional expectation given Qq in the inequality 




rh p'^(s,r)\/'d{s' ,r) 
lo J‘^(s,r)A‘&{s',r) 


J\fs{dn, dr)lt^h<H,,,,,} , 


we deduce from i){s, ■) and i){s', ■) being -measurable and from the compensation formula with 

respect to that, for each h > 0, mf{[0,h)) = mf,{[0,h)) a.s. on {h < Fig s/}. This yields 

mf([0,r)) = ([0,r)) for all rational r < h a.s. on {h < Hg^s'}, and then mf = mf, as measures on 

that event by a.s. left continuity of r !-)• m^([0, r)), for u = s, s'. 

Adaptedness in part hi) is clear. As for path regularity of {{pt, mf) : t > 0), from the definition ( |3.2| ) 
and the facts that {pg : s > 0 ) is weakly cadlag and {Fig : s > 0) is continuous, we easily get right 
continuity. Existence of the limit in (S, d) of {ps„, mf^) when Sn Z't is slightly more subtle. Indeed, 
by path properties of p and H, pg^ clearly converges to a limit pt- such that H{pt-) = Ht, while 
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convergence of to a limit mf_ follows from completeness of the space of killed cadlag paths in M+ 
under the metric 

K{w)ACiw') , \ . 

{w,w')^ A ij du + do(w^(o)>w^(o)) + - C('»^')l> 

where C(^) is the lifetime of w (see ifTTl Section 4.1.1] for the general property). Last, supp mf_ C 
[0, H{pt-)) follows from the Portmanteau theorem and implies that {pt--, mf_) G V. 

For the direct implication in part iv), we first obtain from indistinguishability and part i) the fact that, 
a.s. for every t > 0, the processes h i—)• t)dr and h i—)• f)dr are equal. Then, we 

conclude by Lebesgue derivation. In the converse implication, starting from the inequality 

- "if ([0,^))| < / / A/;(di/,dr), 

Jo J 'd{s,r)A'd' {s,r) 

we obtain (with similar arguments as in proof of point ii) above) the equality = mf a.s. for all s in a 
set of full Lebesgue measure. Indistinguishability follows then from the path regularity stated in iii). □ 

Finally, we establish a useful regularity property regarding the process of marks in each lineage: 

Lemma 3.3. Let {{pt,mf) : t > 0) be a marked exploration process with adapted intensity r). Then, 
the function s i-A mf([0,Ffs)) is a.s. lower semi-continuous. As a consequence, a.s. the function s i—)• 
= l{m’’([o,/rs))=o} most countably many discontinuity points. 

Proof. By the semi-snake property of {{pt,mf) : f > 0) and the continuity of s i—)■ Hg, it holds for each 
e > 0 and every t > 0 that mf ([0, Ht — e)) = ([0, Ht — e)) < rn,^([0, Hg)), for all s close enough 

to t so that Ht — e < Hg^f Taking liminfs_^t and letting e —)■ 0 gives us the first statement. Also, we 
deduce that 

hmsupl|^tf([o,H„))=o} ^ l{mf([o,//t))=o} (3.3) 

S^t 

for all t > 0, implying that s i-A H ))=o} continuous at points f > 0 such that mf([0, Ht)) > 0. 

Now, if f > 0 is such that mf ([0, Ht)) = 0, either we have for any sequence Sn ^ t and all large enough 
n that {[o,Hs„))=o} — construct a sequence Sn ^ t such that qq h. ))=o} ~ ^ 

for all n > 0. In the first case, s i-A l|^,9qo,Hs))=o} continuous in t. In the second one, t lies in the 
boundary of the open set {s > 0 : r?i^([0, Hg)) > 0}. The latter being a disjoint countable union of open 
intervals, the conclusion follows. □ 


3.3 An operator on adapted intensities 


The following well known approximations of local time at a given level a > 0, by the limiting normalized 
time that the height process spends in a small neighborhood, will be very useful in the sequel: 


lim sup E 

a>0 


lim sup E 

*=^0 a>e 


sup 

s<t 


sup 

s<t 




,-l 


^{a<Hr<a-i-e}d'^ 


^{a—e<Hr<a} 


dr-H 


= 0 , 


= 0 


(3.4) 


(3.5) 


(see lim Prop. 1.3.3]). We will also need the occupation times formula therefrom deduced or, better, its 
immediate extension to time-height functions: 


pt poo pt 

/ p{r,Hr)dr= / 

/o Jo 


/ p{s,a)dHg 

Jo 


da 


(3.6) 
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a.s. for every t > 0 and all bounded measurable functions (p : M. 


Next result will prove the first statement of Theorem 


1.2 


Proposition 3.1 (Pruned local times yield adapted intensities). Let f : M+ i-;- M+ be a locally 
bounded measurable function and i) an adapted intensity process. Then {f {L'[{'wf)) : t > 0,r > 0) is 
also an adapted intensity process. 


Proof. Since {jmf) < L[ < on the event {t < T^} and, for each x > 0 the process (Lf^ : r > 0) 
is a (sub)critical CSBP issued from x, the fact that Tx oo when x —)■ oo implies that a.s. fo r eac h 
t > 0 the function r i—)■ is a.s. locally bounded. This ensures that property 2 in Definition 

satisfied. 


1.2 


IS 


In order to check the first point of Definition 1.2 observe first that for any e,t,r > 0 


.-1 


^{—e<Hu-r< 0 } 


du = lim e 
k^oo 


-1 


{l-(pkiu-t + k )) {fkiHu - r + e) - 4>k{Hu - r)) du , 


almost surely, for {fk '■ [0)1 ])a:>i continuous functions vanishing on (—oo,0] and equal to 1 

on (l/A:,oo). From this and the fact that, for all f, r > 0 and k G N\{0}, : tt > 0) is 

measurable with respect to ;B(M+)(8)^q*^ C .6(R+ ) (g) , we deduce using ( |3 . 5[ ) that (: t > 0,r > 0) 
is 'Pre(i(AA)-measurable. Since for each s > 0 the process r i—)• m^([0,r)) is caglad and 
adapted, we next observe that 


OO 

(f,r) ^{»n^ 2 _„([ 0 ,r))= 0 } 

k=0 



OO 

^ ^ ^{fc2“"<s<(fc+l)2“”, ([0x))=0}*^'^s 

k=0 


is for each n G N a 'Pred(AA)-measurable process too. Thanks to the a.s. equality dL^ = 

for each r > 0 , in order to conclude that {L1{rnf) : r > 0 , t > 0 ) is 7^re(i(A^)-measurable it is enough 

to check the convergence 


rt °° 


lim 

n^oo 


Ev 

k=0 


{A:2-"<s<(fc+l)2-"}l{m^ ([ 0 ,r))= 0 }‘l-^s 


-nxdL: = 


f 


l{mj([0,r))=0}d"^'s 


(3.7) 
{m^=0} is 

converge dL^ a.e. as n —)■ oo to s i—)• Thus, dominated convergence yields ( |3.7[ ) and the 


for each f > 0. By Lemma 3.3 and continuity of the measure dL^, the function s i—)• 1 


continuous dL^ almost everywhere. Hence, the functions s i—)• YlT=o ^{k2-^<s<{k+i)2- 

desired measurability property. 

Let us finally check that property 3 in Definition 




1.2 


holds for (/(L[(m^)) : f > 0,r > 0). Since 
for all s' > s > 0 and every r,e > 0 we trivially have E ^{r-e<Hu<r}^'^^{r<H^ ^i} = the 

approximation p.5| ) implies that for each r > 0, a.s. on the event {r < Hsgi}, whence 

,})dr = 0. Fubini’s theorem then ensures that (L[ : f > 0, r > 0) satisfies the 
semi-snake property for adapted intensities, and the conclusion follows using the approximation p.7| ) 
and the semi-snake property of (s, r) i—>• ([ 0 , r)). □ 


We now establish a continuity-type estimate for the operator F under condition that will be useful 
at several points in the sequel. Introduce for each M > 0 the (J'f ) 4 >o-stopping time 

:= inf{f > 0 : sup L'I > M] (3.8) 

h>0 

and recall that c(M) is a Lipschitz constant of g on [0, M]. We have 
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Lemma 3.4. Assume condition holds and let be two adapted intensity processes. Define for 

each t > 0, 

At:= [ - 'd2it,h)\dh 

Jo 

and ^ 

a ; := / '\FiJ},){t,h)-F{iJ2){t,h)\dh, 

Jo 

Then, for any M, a > 0 and every {Fj’)-stopping time r such that r < a.s, we have 

< c(M) / forallt>0. (3.9) 

Jo 

Proof. Notice first that for each s > 0, — 1|^02 _q| | < ifs))— ([0, hence 

\L^,{m^-)-L^{m^-)\ < / VfH[0, ^s)) - m^([0, i7,))|dL," 


to 


i.s for all t > 0. Since for each h > 0 and for t = 1, 2, a.s. < M for all f > 0, we get 

l{t<r,m<a}K < c(M)l|,<,} r - Llim^^)\dh 


a rt 


< c{M) f r 

Jo Jo 


0 JO 


\mt^{[d,Hs)) -mt^{[d,H,))\dL^,dh 


^{s<T}\'mtH[0,h))-m^^^{[0,h))\dLfdh 


'l ?2 I 


< c(M) f |m^([0, Hs)) - ([0, Hs))\ds 

Jo 


using that dL^ = in the third line and the inhomogeneous occupation-time formula p.6| ) 

in the fourth. Thus, 


E[li<,A;] < c(M) / E //,))! 

Jo 

rt 


ds 


< c(M) / E 


< c(M) / E 
Jo 


fHa poo 


( r-tla POO 


-pp 
•' S 


ds 


'•Ha 


l{s<r,H,<a}IE ( |r)i(s,/l) - ?? 2 (s,/l)|d/l 


FP 


ds 


and the statement follows. 


□ 


3.4 Iterative scheme and fixed point 


The remainder of this section is devoted to the proof of the second part of Theorem 1.2 so from now on 




is the null measure. 


we assume that the condition holds. The construction of the adapted intensity D* will be achieved by 
an iterative procedure. For each t > 0, we define h) = 0 for all h, so that m 
Then we let 

^n+l ^ > 0 
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and write L^{n) = to simplify notation. 

Observe that, by construction of the sequence the continuity of g and Lemma 3.1 for all n G N 
the process (t, h) i—)■ h) has a version which a.s. is continuous in f > 0 for each h > 0 and is 
an adapted intensity process. Moreover, since g is increasing, for any pair -d satisfying a.s. '& < -d 
(pointwise), one has for all f > 0. We can then check by induction in n that a.s. for 


all (f, h) G 


L’liO) > 4(2) > • • • > 4(2n) > ... > 4(2n + 1) > • • • > 4(3) > 4(1), (3.10) 


and 


i?°(f,/i) < ■■■ < ... < ■■■ (3.11) 

Relevant consequences of these inequalities are next highlighted: 

Lemma 3.5. There exist two adapted intensitiesand and two Vred{N)-measurable processes 
(L[(e) : f > 0, r > 0), (LKo) : t > 0,r > 0) such that, almost surely, 

i) 


/ r and L{2n) \ L(e) 

,^ 2 n+i L{2n + 1) Z' L{o) 

pointwise and moreover, 

< d° and L(e) > L(o), 

ii) for every {t, h) G one has 4(^) = and L^{o) = and 

in) for every {t,h) G it holds that 


r(t,/i) = 5(4K“)) 

d°{t, h) = g{L^{nif‘')) 


Proof i) From local boundedness of the process (f, h) i—)• 4 the proof of Lemma 3.11 and the fact 


that 7?”(/i, t) < p(Lf (0)) for all n G N and (f, h) G > the increasing sequence d^"^ has a pointwise 
limit d^. The limit clearly inherits the properties of d'^'^ making it an adapted intensity process. Similar 
arguments apply to the decreasing sequence Pointwise convergence of the sequences of pruned 

local times and their measurability properties are also easily obtained by monotone limit arguments. The 
two inequalities at the end of part i) are immediate consequences of the inequalities ( | 3 . 10 | ) and ( | 3 . 11 | ). 
We now move to point ii). For fixed o > 0 and t > 0, we have 


4(e) = inf 


tiGN 




inf 1, g 2 n = 

neN =0} ^ 




using in the third equality the fact that for each s > 0 the increasing and integer-valued sequence 
m'^^" {[0, Hg)) is upper bounded by ([0, Ff*)), hence constant for large enough n. A similar ar¬ 
gument applies for L^{o). 

Finally, hi) follows from d^{h, t) = lim„ d^^{h, f) = lim„ F{d‘^^~^){h, t) = lim„ g{L^{2n — 1)). □ 


Concluding the proof of Theorem [L^ is now easy: 
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Proposition 3.2. W/f/j P((ia;)(8)dt(8)l[o_H^(a;))(/i)d/i re/erence we have = {}° = F{'&^) = 

F{'d°) a.e. Moreover, 'd* := 'd^ is the a.e. unique solution of the equation "d* = F['d*) a.e. and the 
corresponding marked exploration processes are unique, up to indistinguishability. 


Proof. We apply Lemma 3.4 to 'i?i = and §2 
therein go to +00 yields for each f > 0 that 


7 ?°. Using Gronwall’s lemma and letting M and a 


Ht 

\'d'^{t,h) —'d°{t,h)\dh = 0 a.s. 

The first statement follows from statement iii) in Lemma [T5] and integration with respect to df. 

Now, let b* and d** be two fixed poinfs. By applying Lemma [L4| to bi = i?* and we conclude 

uniqueness of fixed poinfs using again Gronwall’s lemma. Lasf, poinf iv) of Lemma [L2| provides fhe 
indisfinguishabilify of fhe associafed marked explorafion processes. □ 


To simplify nofafion, we will wrife in fhe sequel 


{{pt,mt) : f > 0) := {{pt,mf) :t>0) 

and refer fo fhis process as fhe competitively marked exploration process. Accordingly, we will call b)* 
and L{m*) fhe competitive intensity and competitively pruned local times, respecfively. Notice fhaf 



for each h > 0, a.s. for all f > 0 and 


(3.12) 


rh POO 


m*t{[0,h]) = 


>0 Jo 


dr) 


(3.13) 


for each f > 0, a.s. for all h G [0,Ht). The resf of fhe paper is devoted fo fhe proof of Theorem 1.3 


4 A Ray-Knight representation 
4.1 Strategy of proof of Theorem [13] 

Our next goal is to prove that the process of (L^^ (m*) : a > 0,v > 0), with f > 0,a > 0) 

constructed in the previous section and as in ( |L10| ), has the same law as the stochastic flow 
To that end, we first construct a family {Za^{x) : x > 0, a > 0) of approximations of the solution of 
([I3> with (e, 6) G ( 0 , 00 )^, coupled to each other and to the process by using the same Gaussian 
and Poisson noise, and with negative competition drifts that are suitably discretized versions of the drift 
in ([T3|). More precisely, every time instant a > 0 of the form ke. A: G N, we split the population into 
blocks of size <5. For the next e > 0 time units, the evolution of the n— th block, n G N, is given 
by a flow like ( |L3| ), but with a constant additional negative drift g{n6) and suitably “shifted” noises. 
This construction must be done by means of a nested bi-recursive (in k and n) procedure. The process 
(Za^(x) : X > 0, a > 0) will then be defined by composing the dynamics of consecutive time strips. 
Secondly, paralleling the previous construction, we prune (Lf : a > 0, f > 0) at a rate that is constant 
inside rectangles of some two-dimensional grid, now defined in a bi-recursive way in terms of height 
and local time units. More precisely, at heights of the form ks, k € N, we split the exploration times in 
blocks of S units of pruned local time at that level. Then, between height ke and {k + l)e and when in 
the n— th exploration-time block, we prune the original local time process at rate g{n5). 
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The next step, crucially relying on Proposition [L^ will be to prove that the resulting punned local times, 
denoted : a > 0,x > 0), has the same law as the process {Za^{x) : a > 0,x > 0). The 

final and most technical steps will be proving that, when (e, (5) —)• (0, 0), for each x > 0, a > 0, both the 
convergences 

and Zl^\x) ^ Za{x) 

hold in probability (in the respective probability spaces). This is enough to grant finite dimensional 
convergence in distribution and, by the previous step, that : a > 0 , x > 0) and {Za{x) : x > 0, a > 
0 ) are equal in law as desired. 

In the remainder of this section the two approximations are constructed and precise statements on their 
convergence and on their laws are given (proofs are deferred to Sections 5 and 6 ). We then end the 
present section deducing the proof of Theorem 1 1.3 1 from those results. 


4.2 Grid approximation of the stochastic flow of branching processes with competition 

As in ( |1.5| ), consider W (ds, du) a white noise process on (0, cx))^ based on the Lebesgue measure ds( 8 )dM 
and N a Poisson random measure on (0, oo)^ with intensity ds ( 8 ) dz^ ( 8 ) n(dr). Let e,6 > 0 be fixed 
paramefers. The process {Zp^{x) : x > 0, f > 0) is consfrucfed in fhe same probabilify space by means 
of fhe following bi-recursive procedure: 

Time-step A; = 0 : For all x > 0, we sef 

Zq’\v) := Zo{v) = v; 

Time-step A: + 1 : Assuming fhaf {Z^’^{w) : t < ke, m > 0) is already consfrucfed, we define 

{Z^’^{w) : t G (ke, (k + l)e],w > 0) 


as 


Zt-‘{w) ■.= (4.1) 

where {Zlf^{z) : t G {ke, {k + l)e], z > 0 ) is an auxiliary process defined as follows: 

Space-step n = 0 : For each t G {ke, {k + l)e] we sef 


('Ot — 

ke.t 


( 0 ) = 0 . 


Space-step n + 1 : Assuming fhaf aprocess {Z^^^{x) : t G {ke, (A:+l)e], x < n6) has already been consfrucfed, 
we sef 

W^^'^\ds,du) := W{ds + ke,du + Zke,s-{n5)) 


and 


_|_ ZkE,s- {n6), dr) 


which respecfively are a Gaussian whife noise wifh infensify ds ( 8 ) dw in 


and a 


Poisson random measure wifh infensify ds ( 8 > dz/ ( 8 > n(dr) in 


_, independenf from 


each ofher (fhis can be checked using Lemma 2.1 as in fhe proof of Proposition |L1[ iii)). We 
fhen consider fhe stochastic flow of '(/(^(^^^-CSBP 


: f > 0,x > 0) 
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defined by 


(4.2) 


=n-a / zi^’”)(n)ds + a / [°~ W^^’^\ds,du) 

Jo Jo Jo 

pt pZ^^^\v) poo pt 

+ / rN^’^’^\ds,diy,dr) — / g{n6)Z^^’^\v)ds; 

Jo Jo Jo Jo 

Here, 'J’g(n5) is the branching mechanism ( |1.11[ ) with 9 = g{nd), that is, 

V’g(n 5 )(A) = V’(A) + Xg{n6). (4.3) 

We then define for all {t, x) G {ke, {k + l)e] x {n6, (n + 1)(5] : 


Zti(n'S) + 4-te’ - »'5) = E 4-fc(«) + zSi (i' - O'*) ■ (4-4) 


n—1 


(fc.Z) 


,{k,n) 


1=0 


Remark 4.1, It is immediate that (VFi*^’”i(ds, du), diz, dr))„gi^ are independent as A; G N 

varies. Moreover, reasoning as proof of Proposition |1.1[ iii) inductively, one a can also check that for 
fixed A: G N, (ppi*^’"'i(ds, du), N^^''^\ds, du, dr)) are independent as n G N varies. Thus, the processes 


+ v) - : h G [0,£],u G [0,5]) 


fc,neN 


are independent too. 

Definition 4.1. We refer to the processes {Zp^{y) : t > 0, y > 0) as the (e, 6)- grid approximation of the 
stochastic flow of continuous state branching processes with competition, or simply grid approximation 
of the stochastic flow. 


The parameters (e, 6) being given and fixed, for x, s > 0 and A: G N we will use the notation 
• ks = ks{e) := sup{A: G N : fee < s} and 


• = n^(e, 5) := sup{n G N : n5 < Z^’^ (^c)}- 

By induction in fe G N, summing at each step over n G N, (Zf’^{y) : A > 0, y > 0) is seen to solve a sort 
of stochastic-flow equation, but with a “locally frozen” drift term. Furhtermore, it is not hard to check 

Lemma 4.1. For each w > 0, the process = {Z^'^{w) : t > 0) is a solution to the stochastic 

differential equation: 


Zl'^ {w) = w — a 


zr 


rt rZl’°{w) pt pz,^_(w) poo _ 

’ (t(;)ds + (T / / IL(ds,du)+ / / / rA^(ds, dzz, dr) 

Jo Jo Jo Jo Jo 


t r^sL ('^) 


kaS 

rt 


^ y(n5) {Zk^^ff{n + 1)5 A Zlf^{w)) - Zk^^ffnd A Zlf^iw))^ , A > 0. 


n=0 


(4.5) 

Moreover, by construction and properties of the flows ( |4.2| ) of CSBP, (Z^’ (w) : A > 0, tr > 0) has a 
bi-measurable version such that, almost surely, for each w > 0 the process A i—)• Zf’^{w) is non-negative 
and cddldg and, for every t > 0, w Zp^{w) is non-negative, non-decreasing and cddldg. 


The proof of the following result is deferred to Section]^ 


Proposition 4.1 (Convergence of the stochastic flow grid approximation). For each x > 0 and A > 0, 

the rv. Zl’^{x) converges to Zflx) in probability when (e, 5) —)■ (0,0). 
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4.3 Grid approximation of competitively marked local times 

Given fixed parameters e, 5 > 0, we now introduce an approximation of the intensity process '&*, 
which will define a pruning at a piecewise constant rate, the regions where it is constant being now the 
interior of rectangles in a suitably defined height/local-time grid. We will denote by {{ps, ml’^) : s > 0) 
the corresponding marked exploration process and by 

L{e, 6) = <5) : f > 0, a > 0) 

the associated pruned local time process, that is, L“(e, 5) = /q 



Figure 1: Construction of the local time grid approximation. 

Again, the construction consists in a doubly recursive procedure. 

Height-step 0 : we set 0) := 0 for all t >0, and = Tx for all x G M. 

Height-step k + 1 : Assuming that h), L^{e, 5)) : t > 0, h G [0, ke]) is constructed, we set for all x G M, 

:= inf{f > 0 : L^^{e, J) = x} , with inf 0 = oo. 

The process ((Lj^(e, 5), h)) : t >0,h G (ke, (k + l)e]) is then defined as follows: 

Time-step 0: For each h G {ke, {k + l)e] we set h) = g{0). 

Time-step n + 1: Assume that < oo and that (^{L^{e, 5),'&^’^{t, h)) : t G (0, T’^^],h G {ke, {k + l)e])^ 
is already defined. If T’ln+i)5 < OO- for all {t, h) G (T^^, x {ke, {k + l)e] we set 

¥'\t,h) ■.= g{n5), (4.6) 

r poo 

mf\[0,h]) :=mf\[0,ke])+ / l{^<g(„ 5 )}M(dr, dz^), (4.7) 

J (ke, h] Jo 
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and 




du: 


(4.8) 


^ke 


^ke 


If T = oo, we apply this definitions for all (f, h) G oo) x (fee, {k + l)e], and the 
inductive procedure in n stops. Note that in this case, we have n5 < L^{e, 6) < {n + 1)5. 

It is easily seen that is 'Pre(i(Af)-measurable and that h) < , h) can happen for s < s' 

only if and hence h > Hg^s'- It therefore is an adapted intensity process too. 

Remark 4.2. Note that, for each e, 5 > 0 and (A:, n) G N^, (e, 5) — (e, 5) takes the value 

'^{n + l)S '^nS 

6 if T^n+i)S < the value 0 if = oo and some value in [0,5] if < oo and T^n+i)S = 

For fixed paramefers (e, 5) and for t,h >0 and fe G N we introduce the notation 

_ L _ k 

• ji, = n.. 


= n^{£,6) := sup{n G N : n5 < L^^{£,6)}, 


and recall that we have set = kh{£) = supjA: € N : ke < h} (see Subsection 4.2 1 . Hence, by 
construction, a.s for each f > 0 and all h £ [0, Ht) it holds that 


Moreover, we have 


and 


u 


h) = g{n^'"5). 

\e,6) = 


mt’\[0,h]) = 




>0 Jo 


(4.9) 


(4.10) 


which should be compared to the system of equations ( |3.12| )-( |3.13| ). 

Definition 4.2. We refer to the processes (L“(e, 5) : a > 0, f > 0) as the (e, 5)- grid approximation of 
pruned local time or simply local time grid approximation. 

In what follows, for each fixed height o > 0 we will denote by Sa the sigma-field 

fa := ((Pf“,Aff.) :f >0) (4.11) 

where f“ is the right continuous inverse of t l{H^<a}ds (notice that Sa increases with a). 

The following results rely on excursion theory for snake processes and will be proved in Section 

Proposition 4.2 (Law of the local time grid approximation). For each fixed e, 5 > 0 and {k, n) G N^, 

the random variable (e, 5) — (e, 5) is Sk^-measurable, and the process 

J^(n+l)S 'J'nS 


te" (e, 5) - 5) : /r G (0, e], z G [0, 5] 

\ nS+z n5 


(4.12) 


is A fffc+iv measurable. Moreover, the conditional law of the process (|4.12|l given V 

^ (n+l)5 ^ ^ nS 

is equal to the (unconditional) law of 

Ay) : h G [0,£],z G [0,5]), 

when y = (£>5) — L^i^^(e,5) (here, is a stochastic flow of continuous state branching 

T'{n + l)S J^nS 

processes with branching mechanism fg{n5) in ( |4.3| )). 
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Lemma 4.2 (Flow property of pruned local-times). Let be an adapted intensity and for each a > 0 
denote by Tf := inf{t > 0 : > x} < oo,x > 0, the right-continuous inverse of the pruned 

local processes : t > 0). Then, for every a,b,c,x > 0 we a.s. have 


L 




' a+b+c 


'J'a 

X -r 






{nf 


T“ 


{m-O) 


Proposition 4.3 (Consistency of the local-time grid approximation). For each x > 0 and a > 0, the 

random variable (e, <5) converges in probability to (m*) as (e, (^) —)• 0. 


4.4 Proof of the Ray-Knight representation 

Corollary 4.1. {Za^{x) : x > 0,a > 0) and 5) : x > 0,a > 0) have the same law. 

Proof Notice that for every a,x > 0 


= ZZMiix)) = o 

° Z,l IN . o Z, ,, X = 

kae,a {ka — l)£,ka£ (fca —Ije'- ' 


£,5 


_ r^£,5 

^ka£,a {ka — l)£,ka£ 


a.s. On the other hand, 




(£, <i) = (e, <)) = (e, J) o (e, 5) 

X X 


= (e, J) o (e, 5) o <)) = ••• 

= (e, 5) o (e, 5) o L^^-% {e,6)o...o (e, 5) 


for every a, x > 0 a.s. by Lemma 4.2 It is thus enough to show that, for each m G N, the equality in law 
(44(e,5) : h G [0,e],y> o) ^ (zl’,%+hiy ^ {^)) : h G [0,e],y > o) (4.13) 

holds. To that end we proceed by induction on k, with help of the two families of processes 


Gl("’-)(/i, z) := (e, 5) - 5) : /. G [0, e], 2 G [0, 5] 


n.5-\-z 


k,nGN 


and 


:= A (oo) - Y.h€[0,e],z€ [0, <5] 


k,nGN 


Since {e, 6) — Lfg (s, 6) = □ — Lrpo = 6 a.s. for all n G N, Proposition 


4.2 


implies 


that the processes independent. Thus, same law 

by Remark 4.1 and the equality in law ( |4.13| ) follows in the case m = fe = 0 by summing over n < 
(note that 4^oo) = oo) for each x > 0. 

We assume next that for m > 1 the subfamilies nsN k<m-i nsN 

same law. By summing over for each x > 0 and every k < m — I, this also grants that the equality 
in law ( |4.13[ ) for m — 1 (instead of m) holds. Let now be a family of processes equ al in 

law to the sequence of processes defined in (|4.2[), which are independent by Remark 


4.1 
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Set h = inf{n G N : = 00 } < 00 and, for each m, n G N and y > 0, define = 

the conditional law of given 




(m,n) 


(z A y) : /i G [ 0 , e] , z G [0, 5]). By Proposition 


(^(fc,0) 


fc<m—IjZsN 


4.2 

is equal to the (unconditional) law of ] with (yn)neN ^ given by 


nSN 


yn = 5^{L^^{e,5)-n5)+ 


S if n < n 

< e) — h6 if n = n 

0 if n > n. 


In particular, for every 2 G [0, 5] and n G N one has z A yn = z A (L™^(e, 5) — n<5)+. The desired 
equality in law follows then for A: < m from the induction hypothesis and the fact that 

LZ%e,6) = Y,A(^-^’-\s,5) and ( 00 ) = 5). 

neN neN 


□ 


Proof of Theorem [73] By Proposition 4.1 (resp. Proposition |4.3| ), when (e,(5) —)• (0,0) the process 
(Za^(x) : X > 0, a > 0) (resp. (L^^(e, 5) : x > 0, a > 0)) converges to {Za{x) : x > 0, a > 0) (resp. 
(Lf^(m*) : X > 0, a > 0)) in the sense of finite dimensional distributions. From these convergences 
and Corollary 4.1 we conclude that (Za(x) : x > 0,a > 0) and {Lf^{m*) : x > 0,a > 0) have the 
same finite dimensional distributions. □ 


Remark 4.3. Although for all e > 0,5 > 0, the process {Za^{x) ; x > 0,o > 0) has the same law 
as (Ly (e, 5) : X > 0, a > 0) and {Za{x) : x > 0, a > 0) the same as (L^ (m*) : x > 0, a > 0), it is not 

clear whether the couplings ^(Za’'^(x), Za(x)) : x > 0,a > 0^ and ((L^^ (e, 5), (m*)) : x > 0,o > O) 

are equal in law or not. 


5 Consistency of the stochastic flow approximation 


5.1 Some auxiliary results 


In this section our goal is to prove Proposition 4.1 Recall that the solutions of the various equations 


( |1.3| ), ( |1.5[ ) and ( |4.5| ) that will be used in its proof are constructed on the same probability space and with 
the same driving processes. The following comparison property will be useful. 


Lemma 5.1 (Comparison property). Let {Yt{y) '■ t > Q,y > Q) be the solution of equation ([Til. For 
all e, 5 > 0, the process {Z^’^{z) : t > 0, z > 0) defined by (|43]l and the solution {Zt{z) : t > 0, z > 0) 
to equation ([H satisfy 

F{Z^’\v) < Yt{w),yt > 0} = 1 and ¥{Zt{v) < Yt{w) ,'it > 0} = 1, (5.1) 


for all 0 < V < w. In both cases we say that the “comparison property ” holds. 

Proof The comparison property for Z{v) with respect to Y{w) follows directly from ifTOl Theorem 
2.2]. Whenever y > z, the same result implies a comparison property for each of the 'i/’g(n( 5 )‘CSBP 

(Zj^’"^) (z) : t > 0) defined in ( |4.2| ), with respect to a ?/)-CSBP {y) ■ t > 0) constructed using 

the same noises (fF(^’"')(ds, du), di/, dr))„gP}. Since : h G [0, e]^ is build for 

each k by summing processes {z[^'^\x) : t > 0) defined in (|4.4|), over finitely many n and for suitable 
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values of x, an inductive argument in n yields the comparison property of that process with respect to 
the process {Yke,ks+h{y) ■ h G [0,e]) defined in (fOl), which can be obtained by similarly summing 
over n some of the above described processes : t > 0). Last, {Zp^{v) : t > 0,v > 0) and 

{Yt{w) : t > 0,w > 0) can be respectively obtained from the families and 

by composition, so an induction argument in k completes the proof of the desired property. □ 

To unburden the proof of Proposition |4.1[ we next prepare a technical lemma. 

Lemma 5.2. Let x > 0 be fixed and for m > 0 let Tm = Tm{x) := inf{f > 0 : Yfix) > m}. Then, for 
all s > 0, 


E 


sup 



< me ^|ao| + J rn(dr)^ + g{m)me 
+ y/meCi I cj + j r2n(dr) I , 


where ao = xll(dx) and Ci > 0 is some universal constant. 

Proof It follows from ( |4.2[ ) and ( |4.4| ) that 


E 


^{s<Tm} sup 

0<v<Zf^U^) 




<E 


( l«o| r zf{x)de+ r f' r rN{de,du, dr) 
\ J ks€ JkssJo Jl 


+ uE 

+ E 

+ E 



rK'JeA'") 


sup 

/ / W{d9, dn) 


0<v<zf^fix) 

Jks£ J 0 



L{s<r,„} sup 

0<v<Zl-^fix) 


/■* 

'kseJo Jo 


i{.<r„>9(2£”(.T)) / z‘/{x)de 

J ksC 

on {s < Tm] it holds a.s. for every (f, v) G {ksS, s] x [0, Zl’^^{x)) that ~ 


rN{d9, dv, dr) 


Thanks to Lemma 

76 


5.1 


Zl’ ^fiv) A m. We deduce 


E 

sup 



< uE 

sup \M^{s)\ 

+ E 

sup \M^{s)\ 


0<v<Zf^^fix) 




0<v<Z^’^^ (x)Am 


0<v<Z^'^^{x) Am 


+ me^|ao|+ J rll{dr)'^ + g{m)me 


where, for each s > 0, the processes (M^(s))^>o and {s))y>o are respectively defined 


(5.2) 


as 


M 


w 


J ks£ J 0 




IL(d0, du) and (s) = 


' ks£ J 0 


rN{d6, do, dr). 
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The two of them are martingales in the variable v started from 0, with respect to the filtration 
given by 


:= cr ^ ^(^^j(i/)iV(d6',dz^,dr) : 6» G [ksE, s],0 < w < v 


Indeed, we have 


E 


/ /' 

JksC Jo 




kse,9 


W{de,du) 


^kse,s 








E 

/ / w{de,du) 

JkgS J 0 

cksE,S 

•^V 

+ E 

/ / w{de,du) 

JksE JZl’^^ g{v)Am 

(^ksE,S 




J j 

J ksE J 0 

f I 

J ksE J 0 


W{de, dn) + E 


S rZksE,e{'u+h)f\m 


ps pZif 
JksE JZ^'‘ 




w{de,du) 




w{de,du), 


where the second equality can be checked using Remark 4.1 and the flow property of the '0g(n<5)‘CSBPs 
(|4.2|). In a similar way, we get that 


E 




f f 

J ks£ J 0 


rN{d6, dv, dr) 


?ksE,S 




f f 

JkgS J 0 


rN{d6, dv, dr). 


By Ito’s formula in the time variable s > 0, we then see that 


E 


M^{sr 


= 2E 


= E 




II 

J ksE J 0 


M^{e)w{de,du) 


+ E 




.J ksE 


(Z£l»(-)Am)d9 


/ ksE 


which implies that 


E[[M^{s),M^is)]2 =E 


.J ksE 




by definition of the quadratic variation of (M^(■s))i,>o- Thus, conditioning first on the sigma field 
generated by W and N up to time kgE and using then Burkholder-Davis-Gundy’s inequality in the spatial 


variable v > 0, the first term on the right hand side of ( |5.2| ) can be bounded as follows: 
(tE 




P -| 

sup |M,^(s)| 

0<v<Z^’^^{x)Am 

< (tCiE 



(5.3) 


< aCi\ K 


izfix)Am)d9 


' ksE 


< aCl^/me, 


with Cl > 0 a universal constant. Similarly, by Ito’s formula, 

rs /■^fcse,e(’')Am pi 



2' 


E 


=2E 


=E 


f I 

J ksE J 0 

f I 

J ksE J 0 


Ml^{e)N{de,diy, dr) 


+ E 


« rZkss.eM^'m /■! 


r^n(dr)d0dzA 


= E 


ksE<Sn<S 
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In a similar way as before, for the second term on the right hand side of (|5.2[) we get the bound 


E 


sup |Mf(.)| 

0<v<Z^’^^ {x)Am 


< CiE 






< CiJE 


[ {zf{x)Am)de [ r2n(dr) 
J ksS Jo 


(5.4) 


< vme 


r2n(dr). 


Using the bounds ( |5.3| ) and ( |5.4| ) in ( |5.2[ ) the desired result follows. 

5.2 Proof of Proposition |4.1| 

Proof of Proposition \4.1\ The difference Ct’^(x) := Zt{x) — Z^’^{x) satisfies 

/ 't p't P OO 

(^Zs{x) - Zp^ix)'^ ds + a (^{u<Zs-{x)} - ^{uKZpfix)}) W{ds,du) 


□ 


t POO POO 


+ 


f 


/o JO Jo 

rt r 


- ^{,<zpf{x)}) ^^(ds,dz.,dr) 

t pZl-\x) 


>0 
rt 


G(Z,{x))-G(Zp^(x)) 


ds — 


5'(u)dnds 


0 Jo 


Xt 

+ / '^9{n6) (^Zk^^^siin + 1)5 AZlllix)) - Zk^^^sin5 AZlf^{x))jds. 

•^0 n=0 


(5.5) 


Observe that 


Zk,e,s{{n + 1)5 A ^fcf^(x)) - ^fc,£,s(n5 A Zp°^{x)) = 


e,5 , 


|■{n+l)SAZpf{x) 
InSAZpiix) 


^uZkgS^S (^) ) 


which we can substitute in the last term in the right-hand side of ( |5.5| ) to get 

rt , . pt poo 


PL PL POO 

Ct'\x) = “ {Zs{x) - Zp^{x)J ds + CJ (l{u<Zs-{x)} - ^{u<zpfix)}) 


t poo poo 


fO Jo 

lo Jo lo " ^G<zlf{x)}) di/, dr) 

rt 

■S, 



'0 


G{Z,{x))-GiZrix)) 


ds 


rt rZf’^ (x) 

.-, / ksE' > 


E 


'0 n=o-^0 


L{n5<n<(n-ri)5} [g{u) “ 9{nS)] du Zl'^^^^{u)ds 


r^s' (x) r^k'sE^^) r 

/ 9 {v)dv- / g{u)duZlf^ ^{u) 

Jo Jo 




ds. 


(5.6) 

Applying Ito’s formula to an approximation of the absolute value as in the proof of ifTOl Theorem 2.1] 
and dealing with second order terms (^l in a similar way, we deduce (see Appendix A.2|for details) 
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that for each m G N, 


^\CtAT^{x)\ < { \ao\ + rU{dr) + g{m)] E j |CfAr™(a;)|ds 




+ E 


n=0 


+ E 


f'tATm 


rtAT^m r 

Jo Jo 


Uo 

I{n5<«<(n+1)5} Idi^) - g{n6)\ duZlf^^^{u)ds 
g{v)dv ds 


+ E 


'Zl’^(x) 

f^k>) 

giv)dv - 


Jo 



g{u)du - 

/ 


(5.7) 


g{u)duZlf (u) 


ds. 


Since \u - n6\ l{n5<«<(n+i)<5} < ^ and Z^f^^^(Z^f^(x)) = Zp^(x) < m for s < Tm, the second term 
on the right hand side of ( |5.7[ ) is bounded by c{m)m6t. We can use integration by parts inside the last 
term of (|5.7|) in order to rewrite 


/ 9{u)du = g{Zi^’l{x))Zj_,’l{x)- ug{u)du 

Jo Jo 




and 


f 




= -9iu)Zlfe,si'^) 


n=Zl’Ux) gZHix) 


+ 


w=0 


/ " {u)^u 

Jo 




= -9{ZlfA^))Zf{x) + I ° Zl’"^ {u)g'{u)du 

Jo 


(since u ^ g{u) is locally Lipschitz), and then deduce the following upper bound for the sum of the 
third and fourth lines therein: 


P^ATtyi / r \ r 

e/ (^g{m) + g{Zlf^{x))j Zlf^{x) - Zf (x) 


10 

+ E 


ds 




rt/\Tra r 

' 

Jo Jo 

Summarizing, we have 

E|CtAt„,(a;)l < (l"ol + _^ rn(dr) + p(m) 


^-^k’gcA'^) 9{u)duds. 


E 


Ljo 


ldAr™(a;)|ds 


+ c{m)mdt 


f'tATm 


+E / {g{m) + g{Zlf^{x)))\zlf^(x} - Z;'‘< 


X 


ds 


+E 


tATm j-Zl’^gix) 


'0 


i 


'^-^kge,siA) g'{u)duds 

t 


< ( |o;o|+ I rll{dr) + g{m) )E 

rtAr,,. 

76,0 


Ljo 


ldAr™(a;)|ds 


(5.8) 


+2p(m)E 


+c(m)E 


10 


&) - 4:s,si^k») 

tATm fZlf^ix) 


Jo 


+ c{m)m6t 
ds 

duds. 
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We then use Lemma [5^ to bound the last two terms in ( |5.8[ ) and get that 


IE|CiAt™(^)l < (l«o| + ^ rn(dr) + ^(m) j E ^ |CfAt„(a;)|ds 


+ c{m)m6t 


+ {g{m) + 2c{m)) tme ( |ao| + J ?’n(dr) + c(m) 


+ {g{m) + 2c(m)) ty/meCi \ o' + \ / r2n(dr) 


Since Cs{x) < 2m when 0 < s < by Lemma 5.1 we can use Gronwall’s lemma and get 


E|CX^(^)I < 


( roo N 

|q^o| + / rn(dr) + c(m) 

ig(l“ol+/i°° rU{dr)+g(m))t ^ 


+ y/s {g{m) + 2c(m)) '/mCi \ o + \ / r2n(dr) 


Hence, goes to zero when {6, e) —)■ (0, 0) for each fixed m > 0. The desired result follows 

since —?> oo a.s. as m —>■ oo □ 


6 Law and consistency of the local time approximation 

The proofs of Propositions |4.2| and |4.3| are based on several technical results mainly relying on excursion 
theory and on Proposition [L^ For easier reading, some proofs are differed to the Appendix. 

We will need in what follows the -stopping times defined by 

:= inf{f > 0 : > x} 

so that = Tx for all x > 0. 

6.1 Poisson-snake excursions 

We first briefly recall some facts of excursion theory in the case of the snake process '■ t > 0). 

The reader is referred to IHIIIII for details and general background. 

Recall that the processes {Xg — Is ■ s > 0) = {{ps, 1) : s > 0) and p share the same excursion intervals 
{aj,/3j)j£j away from their respective zero elements. Let us denote by {p> the excursion away 
from (0, 0) of {{pt,J\ft) '■ f > 0) in the interval {aj,l3j): 

pi =Paj+s 0 < s < /3j - aj 
pi =0 s > /3j — Oj 

Then, the Markov process {{pt,Aft) '■ t >0) can be rewritten as 

i6J 

The point process in M_|_ x D(M+, x given by 

M(d^,dp,d/\A) ;= (6.2) 

ieJ 


AAg — AIqi^-^-s 0 < s < jlj (y.j 

Mi =0 s > j3j — aj 
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where (F = L^.)jfzj, is Poisson of intensity dx (g) N(d/9, cW) with N(dp, cW) = 'N{dp)Q^^P\dJ\f), 
N(dp) the excursion measure of the exploration process and the conditional (probability) law of 

{N't : f > 0) given p. These facts follow from standard excursion theory, or are established in Section 
4.1.4 in Ifm (in particular in what concerns the description of N). 

Reciprocally, given a Poisson point process M of intensity d® ® N(dyO, dAA) and atoms {P, fp, N^)j^j, 
a snake process {{pt,Nt) : f > 0) is uniquely determined by the relation ( |6.1| ), with {aj, /3j) defined in 
terms of M by 

i3j ■= ’ 

keJ:e’‘<£i 


with := inf{s > 0 : pi = 0} the length of excursion j for each j £ J (the fact that the measure 
dL? = l{pt=o}dT° is singular with respect to df is used to check this). 


For a fixed height a > 0 we will also consider the process (/o“, A/’“)t>o describing “what happens above 
a”, that is, is defined as in (|1.9|) and 


AAfCdr, dv) := A/V“ (a + dr, du), 

with r“ the stopping time defined in ( |1.8| ). We moreover denote by {p^'^'>)i^i the excursions of the process 
p above height a and by (a^)^ the corresponding excursion intervals. More precisely, for each 

i £ I, v/e set 

{ps\f) = [ Pa(i)+s{<^r)f{r -a) 0<s< - Nd 

< J (a,oo) 

These excursions are in one-to-one correspondence to the excursions away from 0 of the process p°' 
occurring at cumulated local times (i) = level a. We also introduce the excursions of N above 

level a, “relative to a”, given by 13 

j WW(dr,dz/) =J\f^(i)^^{a + dr, diy) 0 < s < — a’-d 

\ NP =0 s > _ a(d ■ 


Remark 6.1. Each excursion away from 0 corresponds to a segment of a unique “parent excursion” 
N^ such that (ad),^^) {a^,f5^). 

Thus, (/ 9 ^*\ j\Z(*))^gp are exactly the excursions of the process ((p“, A/"/^) ■ t >0) away from (0, 0). The 
next result follows from ifT^ Prop 3.1] and the snake property (but see Appendix |A.3| for the sketch of a 
direct proof, adapted from the one of Proposition 4.2.3 in ifTTII ) : 


Lemma 6.1 (Snake-excursion process above a given level). For each a > 0, conditionally on the 
sigma field Fa defined in (4.1 1|), the point process in M_|_ x D(M_|_, V) given by 


M“(d^,dp,dAA) := ^<5(^(i)_^(i)_^(i))(d£,d/9,dA/'), (6.3) 

i&I 

where N'i = for all i £ I, has the same law as the process and is thus independent of £a- 
Consequently, {{p1,Nf) '■ t > 0) has the same law as {{pt,Nt) : f > 0) and is independent of £a- 

Notice that results in m are stated in terms of the process {{pt, Wt) ■ t > 0) with Wt corresponding here to the 
increasing TWat(R+)-valued path Wt = (h i—>■ A/t([0, h],du) : /i £ [0, Ht )), which was denoted in Section 3. 

^ In the notation of 1111 . would correspond to the “increment” of an excursion of the path-valued process Wt- 
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6.2 Proofs of Proposition and Lemma [4^ 

The following result extending Lemma [6d] is a cornerstone of this paper. Consider an intensity process 
and for a given height a > 0 define: 

/i) := for all {t,h) G 

Denote also 

7’^“ :={iel : = 0} = {i G 7 : m^«([0,a)) = 0}. 

By the semi-snake property if , for every i G 7 one has = OVs G = 0, thus 7 is 

the set of excursions above a > 0 whose parent excursion has no marks below that level in the time 
interval , — a^). We have 

Lemma 6.2 (Pruning below a fixed level). The process {L^a : x > 0) is measurable with respect 
to the sigma-field ;B(M+) ® £a, where £a was defined in ( CT ). Moreover, conditionally on £a, the point 
process in M+ x D(M+, V) given by 


y] ) ,p(0, dp , <W), 


(6.4) 


with L“ {rrv ) the mfi -pruned local time at height a > 0 and time f > 0, is equal in law to the process 
( |6.2| ) stopped at I = L^(m®^“). 

Remark 6.2. It is not hard to see that the marked exploration process associated with the excursion 
process (|6.4|) is given by 


Pt.-N't '■ t G [0,Aoo)j — {pq^,Nq^ : t G [0, A, 


11?“ 

^OO ) I ’ 


where Ct := inf {s > 0 : > f} and := 1| m’’“([o,a))=o}d^r- Indeed, by the semi-snake 

property, is constant on the increase intervals of l|j:^^>a}dr, hence the only 

excursions above a contributing to the integral in the definition of Ct are those in the set 7®^“. 

Lemma [6^ will follow from Lemma [O] and an elementary fact about Poisson processes in M+, proved 
in Appendix |A.4| for completeness: 

Lemma 6.3. Let {N^ : x >0) be a standard Poisson process of parameter A > 0 with respect to a given 
filtration and E C M+ be a random set such that \e E S(M+) ® JCo-measurable. For each 

x,y > 0 set ipx '■= Jq l£;(7)d7 and define the stopping time fy := inf{x > 0 : > ?/} < cc- Then, 

conditionally on /Co , := ^ lE{T)N{dF) : x'>^ is a standard {lC,pf}x>o-Poisson process of 

parameter X stopped at ls(7)d7. 

Proof of Lemma [6!^ In the proof we write 1 !}°' = b for simplicity. As in the proof of Proposition 4.2.3 
in imi we introduce Lf := L“a with ff defined above affer ( |4.11[ ), and ifs righf-confinuous inverse 

7 “(r) := inf{s > 0 : > r}. Lef us rewrife fhe m’^-pruned local fime af level a in ferms of fhe 

corresponding local fime unifs. Using fhe semi-snake properfy of m'^ in fhe second equalify, we have 
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where for all £ > 0 we have set := mfa ([0, a)). We have also used the changes of variables 


7“(0 


V = and £ = The last equality above stems from the fact that, by definition of (as the 
right inverse of Af = f* and since does not vary on intervals where Hg > a, one has 

= Lfa = L^a ■ Given that ff < oo a.s. for each t > 0, ( |3.5| ) implies that 

^rj-,a AO, X 


Lfa = lime ^ / l(a-e<H <i}dr in probability uniformly on s in compact sets. 
^ ^^0 Jo 


IS 


It follows that the process (l{m|=o} ^ ^ > 0) is f3(M+) (8) fa-measurable. Thus, {L9pa{m^) : x > 0) 
;B(]R+) ® fa-measurable as claimed. 

We now introduce the filtration a ({M“ ([0, x], dp, cW) : 0 < x < ^} V £a)i>Q (with M“ given in ( |6.3| )) 
and its right-continuous completion denoted (/C“)£>o. For each Borel set S C D(M+, V) with N(S') < 
oo, define a (/C“)f>o- Poisson process in M+ by 


A^“’^([0,£]) :=M“([0,£] X 5) , £>0. 


Seffing 4)y = inf{x > 0 : > y} wifh := {I G M+ : = 0}, Lemma 6.3 yields fhaf 

conditionally on /Cq, 


N^\S) := : X > 0 

is a Poisson process in M+ of parameter N(5), wifh respecf fo fhe time changed filfrafion (A^Jj>o)£>o- 

Moreover, fhe processes (Si), .., (Sn) do nol have simulfaneous jumps if fhe sefs Si,..., Sn are 
disjoinl, hence fhey are independenf from each ofher condifionally on /Cq. We conclude fhaf, condifion- 


ally on /Cq, fhe poinf process on 


, V) defined by 


M“’^([0,x] X S) = / lE^(£)M“(d£,dp,dAC) 


is Poisson wifh intensify dx (8) N(dp, dAC). If is nof hard fo see fhaf fhis is exacfly fhe process (|6.4|). □ 


We are ready fo give fhe 


Proof of Proposition \4.2\ The facf fhaf for each {k,n) G fhe process ( 4.12 ) is -measurable 


is immediafe. For all fhe remaining properfies, we proceed by induction on A: G N. 

In fhe case A; = 0, fhe firsl assertion is obvious since for every n G N one has L2 _o (e, <5) — 

'^(n+l)S 

L^o (e, 6) = L^o (e, 6) — L^o (e, 6) = S a.s. and fo is frivial. For fhe second assertion, we 

using (|3.5|) one shows fhaf = 


6.2 


'^nS ^(n + l)5 

observe firsf fhaf in a similar way as in fhe proof of Lemma 

.^-^0 d " Jq ^{6-r]<Hfe<h}^'^ m probabilify uniformly on s in compacf sefs, for each h G [0, e]. Fur- 


lim, - 1 


thermore, in a similar way as in fhaf proof we also gel fhaf 

rE 




j 

Jo 


A® 

Jx 1 


fm!’/ ([0,h))=0} 

7(0 




where s i—>• := and ifs righf-conlinuous inverse denoted f{i) are bolh /3(]R+) (8) fe-measurable. 

Since > u wifh equably if n > 0 is a slricl righl-increase poinf of we deduce fhaf 

A,,, 


L' 


J X 


= L% = X 


and fhaf Af = inf{s > 0 : > x}. 
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The latter random variable is thus ifg-measurable. It follows that 5) is -measurable for every 

X > 0 and h G [0,e] as required. The fact that ■ h G [0, e],z G [0,5]^ 

\ ■^n(5+z '''nS _ / 


Trpo -measurable is obvious, and it has the asserted conditional law thanks Proposition 


(n+l)5 


1.2 


IS 

and the 


strong Markov property of {p, M) applied at J^j^o . This completes the case k = 0. 

For the inductive step, assume the statements are valid for all integer smaller than or equal to (A; — 1). 
Since for each n G N, 


(£, <5) - {e, S) = 6A (L^^(e, 5) - n5)+ 

and = lim is -measurable by the induction hypothesis, the first property for the integer 

k is immediate. We consider next the marked exploration process : t > 0) with adapted 

intensity := that is, in the notation of the beginning of 

Section 6.2 with a = ke. Also, denote respectively by L^, and Ht the local time processes at level 
h > 0, the inverse local time process at level 0 and the he ight process associated with the (possibly 

(i.e. the marked exploration process 


6.2 


stopped) process {p,M) = {^pp, jA/g j defined in Remark 
pruned below level a = ke). By already developed arguments using the approximation p.5| ), we can 
check that for every f, /i > 0, on the event that Ct < oo we have 

rCt 


rh _ 
— 


10 




ke+h 


(6.5) 


a.s. (see the proof of Proposition ! 1.2| in |A.l for the details of a similar computation based on ( |3.4| )). Thus, 
for each y G [0, 6)) we have 


&{e,S) = 


f 


1 1 rt r 

{[ke,ke+h))=0} {ms’'*([0,fce))=0} ^ 


i 


^{rhl’\[0,h))=0}^^u 


using the change of variable s = Cu, ( |6.5| ) and the notation 1 


{[0,ke))=0, Hr>ke} 


dr and 


:= m^'^([te,fce +/i)). 


( 6 . 6 ) 


Notice now that since H—ke = ke, with the notation used in Lemma 


6.2 


one has 


^Tpke — 

y 


(/3W - a«) = inf{n > 0 : L° > y} = f,. 


(6.7) 


Thus, we have 


Jo 


^{fhl’\[0,h))=0}^^^- 


( 6 . 8 ) 


Therefore, thanks to Lemma 6.1 (with a = ke), the construction of the processes ( |4.12| ) for the integer 
k can be done conditionally on Ske using the process [p, Af) up to the time Ty for every y < 
in the same way as in the case k = 0 the processes ( |4.12| ) were constructed using the process {p, J\f) 
up to each time Ty. In particular, the process (|4.12|) is measurable with respect to the sigma-field Se, 

defined as in ( |4.11| ) in terms of the right-continuous inverse of the process := 

We can then check that C noting that is the right-continuous inverse of the process 
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t t 

= fo <(fc+l)£,m2([0,fc£))=0,H„>fc£}dw = fo l{H„<(fe+l)£,m^([0,fc£))=0,/f„>A;£}dw, which 

yields with Ot := inf |r > 0 : ’ Moreover, 

the conditional law of the process ( |4.12[ ) given V ^ke is measurable with 


thanks to Lemma 


6.1 


respect to ^ \J Ske, where {J^t)t>o is the filtration Thus, the identification of that con- 


'(n + l)5 


ditional law is done in a similar way as in the case k = 0, reasoning in terms of (p, Af) conditionally on 
Ske- This achieves the inductive step and concludes the proof. 

□ 


We end this subsection with the 


Proof of Lemma |?!^ To ease notation we write m = rri^. We furthermore define ■(9“+^ and as in 
fhe beginning of fhe presenf Secfion [6^ buf wifh a + h insfead of a. 

Since r“+V > s for all s > 0, the result is obvious if T!? = oo. We thus assume that < oo. 
Suppose moreover that Ht^ = a + 6 + c for some fo ^ such that m£p([0, a + 5)) = 0. 

^ X 

Then, for some excursion i G 1’^“ above level a + h whose parenf excursion above 0 has no marks 
below a + 6, we musf have Iq G /?(*)) and fhen Since 

by definition of T^t+br we get < T^, a contradiction since < fo and Hrfa = a < a + b. 

(^) ^ 

X 

Therefore, we gef 



dLp^+^m) = [ 
Jt 


pa + 6 

L'+f(m) 


l{H,=a+fe+c}dT“+^+'^(m) = 0 


and we conclude fhe desired idenfify. 


□ 


6.3 Proof of Proposition |4.3| 

The remainder of fhis secfion is devofed fo fhe proof of Proposition |4. 3 [ The proof is quife fechnical and 
will need differenf fypes of esfimafes and localizafion wifh respecf fo differenf variables (which is one 
of fhe reasons why we only gel convergence in probabilily). Nexl resull provides a “confinuily-lype” 
esfimale for pruned local limes. Recall lhaf fhe (J^f)-slopping time was defined in p.8| ). 

Lemma 6.4. Let {{pt, : t > 0) and {{pt,mf'^) : t > 0)) be marked exploration process and r be 

an arbitrary {T^)-stopping time. 


i) For h > Owe have that 


E 




|i9i(f,r) - 192(1,r-)! dr 


ii) If moreover r < a.s. for some M > 0 and for i = 1,2 there is i9j such that Di = g{L{m^*)), 




we have 


IE / dLj / |i9i(f,r) - i92(l,r)| dr < c(M)ME / l{Hs<h} |i9i(s, r) - i92(s, r)|drdf 




where c{M) > 0 is a Lipschitz constant of g in [0, M]. 
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Proof, i) We have a.s. for all t > 0, 


< 


mt^i[0,h))-mp{[0,h)) 


dL? < 


ffh{s)dL'^s, 

Jo 


fh poo 


fh{'^) Jg Jq ■^l't9i(s,r)Ai92(s,r))<!/<')9i(s,r)Vi92(s,r)}' 

the compensation formula we get for any (J^/’)t>o-stopping time r that 

ph 


A/’s (dr, dv). Applying conditionally on F§ = 


IE fh{s)l{s<r} 


J-f < 


E |??i(s,r) - i?2(s,?')l 


Fni 


^{s<r} ? 


and the statement follows. For point ii), proceeding as in the first part of the proof of Lemma |A!4] we get 

rr 'it _ 


U<T [ \'diit,r) -'& 2 {t,r)\ dr < c{M)lt<r [ l{Hs<h}\m^'^i[0,Hs)) - m^^{[0,Hs))\ds , 
Jo Jo 


hence 


E 


I |??i(f,r) - ?? 2 (t,r)| dr ) <c(M)E ( / dLM - "rf2([0, iLs))| ) ds 


<c(M)M E(^l|s<r,H.<h}|<H[0,i^.))-m:2([0,iFs 


ds. 


Conditioning on Fs inside the last expectation, and following the last lines in the proof of Lemma 3.4 
yields the upper bound 


c{M)M / E 
Jo 

as well as the desired estimate. 


l{s<T,/r5</i}IE 


rHs 


|t?i(s,r) - ?? 2 (s,r)|dr 


FP 


ds 


□ 


In the proof of Proposition |4^ we will also need to compare accumulated pruned local times at heights 
that are not in the grid, with local times at heights in the grid right below. For local times pruned at fixed 
rate, this type of comparison can be deduced from a variant of the approximation ( |3.4| ). An extension 
to local-time dependent rates of the present framework is however not immediate, in part because the 
pruning rate is globally unbounded. We will thus need to localize such approximation argument with 
respect to accumulated local times, in order to deal with pruning rates taking values in compact intervals. 
In order to ensure that the localization parameter can be removed, while at the same time, making the grid 
parameters go to 0, we will moreover need quantitative information about the speed at which approxima¬ 
tions of local times such as p.4| ) converge. Such a result is the content of next lemma. Its technical proof, 
given in Appendix |A.5[ relies on a snake variant of L^-Poisson calculus developed in lOTl for the excur¬ 
sion of the exploration process. In a similar way as in that work, to avoid making additional integrability 
assumptions on the underlying Levy process Xt, we need to also localize the exploration process with 
respect to its mass (pt, 1). We thus introduce an additional parameter AT > 0 and the stopping time 


:= inf{s > 0 : {ps, 1) > K}. 


Lemma 6.5 (Quantitative approximation of variably pruned local times at level 0). Consider a 
cdglddfunction 0 : M+ —)■ [0, 9] with 9 >d and the marked exploration process {{pt, rnt) ■ t >0) with 
mt = mf associated with 

:= 0(L°) V(f,/i)GM+. 
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a) There exists an explicit nonnegative function {e,9) i— C{9,K,e) going to 0 when e —0 and 
increasing both in e and 9, such that for all x > O; 


E 


1 


sup 

y ~ Z 1 l{0</fs<e,ms=0}d-5 

-1 

A 

F- 

rH 


y&[0,x\ 

^ Jo 


< C{9, K, s){x + ^/x). 


b) We deduce that for all x > 0, 


E 


sup |Lf(m)-L^l 

t£[0,Tx] 


< C{9, K, e){x + ^/x) 


for some explicit nonnegative function (e, 9) i—)■ C{9, K, e) with similar properties as C{9, K, e). 

Recall the notation = sup{A; G N : A:e < /i} and = sup{n G N : 5)} introduced for 

fixed e, (5 > 0 in Sectionsand |43| From the previous result we deduce 

Lemma 6.6. Let us fix real numbers s,5,K,M >0. 

a) For all a > 0, 


E 


sup \L^^%e,5) - L^{e,5)\ 


< C{g{M),K, e){M + Vm) + r(M, K) 


where T{M, K) = 2MP(r^ < Tm). 
b) For each t > 0, 

rHt 


E 


^{t<TMATK}^{Ht<a} / {t,h) -'d*{t,h)\dh 

Jo 
< c 


(M)a + r(M, K) +C{g{M),K, e){M + Vm)^ 


Proof, a) We start noting that if f , we have L^{e, 6) < < M for every h > 0. Thus, if ka = 0, 

since < Tm, we have 


sup |Lj“^(e,(5) — L“(e,(5)1 < sup |Lj — L“(e,} + 2Ml|^K<'r } 

t<TM^TK t<TM 


and the desired inequality follows from part b) of Lemma 6.5 with 9 = g{M). To prove the property for 


arbitrary ka = k, we first observe that, since < T^, 


sup |Lf (e,5) - L^(e,5)| < sup |Lf(e, 5) - L^(e, 5)|l|^K>rM} + (6.9) 


' ke 




f<T^ 


so it enough to bound the first term on the right hand side of ( |6.9[ ) by C{g{M), K, e)[M + \/M) in order 
to obtain the desired inequality. To that end, consider again the processes L'[, Tx and Ht a ssoci ated with 
{p,M), the snake process pruned below level ke already used in the proof of Proposition 


4.2 


Observe 


, where := inf{s > 0 : {ps, 1) > K}, and that (by similar 
arguments as in the proof of Proposition |4.2|) the supremum on the right-hand side of {6^) satisfies 


fhat l{r^>r^/} ^ 


sup (e,(5)-L)^(e,5)| < jup |L^-/ | = jup (m=’'^)|, 


0 


t<Tlf 
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where e' = a — ke £ [0, e], and is given in ( | 6 . 6 | ). Thanks to Lemma 6.2 when taking expectation 
to the first su mma nd on the r.h.s. of ( |6.9| ), we can first condition on Eke and (conditionally) apply part 
b) of Lemma 6.5 The result then follows since 5) < M and y i—)• C{g{y), iL, e){y + y/y) is 

increasing. 

b) Writing := h) — h)\dh, we have 


E 




<E 


'■Ht 


^{t<TMATK}l{Ht<a} / - 9{m'm*))\dr 


( 6 . 10 ) 


+ E 


+ E 


f Iq (nf “ 9 (^t(e, <5)) I dr 


( 6 . 11 ) 


rHt 


l{t<TAfAr^f}l{Ht<a} j \9 - 9 S)) \dr 

( 6 . 12 ) 


Taking into account the relations (3.12i and (4.91, the term on the r.h.s. of ( 6 .IO 1 is bounded by 


c(M) / E 

Jo 




ds, 


thanks to Lemma 


3.4 From the definition of the integers kh = kh{£) and = n^{e, 6), term (|6.11|) is 


bounded by c{M)a5. Finally, by part a) term (|6.12|) is bounded by 


c(M)E 

The statement follows by Gronwall’s lemma. 


f sup |L/^(£,(5) - L^(e,(i)|dr 

0 s<T^'‘ At^ 


< 


c{M) a (c{g{M),K, £){M + \fM) + 2MT{M, K)^ . 


□ 


We can finally give fhe 

Proof of Proposition \4.3\ We fix M > 0 and x > 0 and consider the (J'f)—stopping time 

T = T At^ ATr 


with T,K > 0 constants to be fixed lafer in terms of M. Thanks to the relations ( |3.12[ ) and ( |4.9| ) we can 
apply inequality i) of Lemma [6!4| to get for all a > 0 that 


E[|L“^^M(e,<i)-L“^rM(m*)|] <E 

from where 


CtAT’' 


E[|L“ M(e,<5)-L“ M(m*)|] <E 


rrAT^ 


dL° 


dL“ f \g (us"^) - 9 (Kim*)) |dr 


\9 - 9 |dr 


(6.13) 


+ E 


+ E 


rrAT^ 


dL‘^,£\g[Lf%£,6))-g{L:i£,6))\dr 


ptAT^'^ j-a 

/ dL“/ \g{L:{£,6))-g{L:im*))\dr 

lo Jo 


(6.14) 
. (6.15) 
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The right hand side of ( |6.13[ ) is bounded by c{M)M a5, by construction of the process L(e, (5) and 
definition of . Term (6.14) is bounded by 


c(M) E 


rAr*^ 


dL“ 


/ sup \L^^%£,6) - Ll{e,5)\dr 
Jo 

f sup \L^^%e,6) - Ll^{£,6)\dr 

0 u<T’^AtI^ 


<c(M)ME 

< ac{M)M {C{g{M),K, e)(M + Vm) + r(M, K)) 
where in the last inequality we used part a) of Lemma [63| 

To bound ( |6.15| ), we use inequality ii) of Lemma 6.4 with the stopping time r in that statement replaced 
by, in current proof’s notation, r A = T A A A , and with '&i = g{L{e,6)), 

and ^2 = 'd*. This gives us the upper bound 




rHs 


c{M)ME{^J^ l{H,<a}'i-{s<TMATK} |??^’'^(s,r) - ??*(s,r)|drdt 

for expression ( |6.15[ ). By Lemma [63| b), the latter is bounded by 

aTc{M f M (^6 + r{M,K) +C{g{M),K,8){M + Vm)'^ 

Bringing all together, we have shown that 


E 


^T^/\(rKATATM){^^^) ATAT") )l 

< ac(M)M(l + Tc{M)) (5 + r(M, K) + C{g{M),K, e)(M + Vm)) . 


We now choose for each M > 0, T := M. Since —)■ 00 when K —)• 00 , for each M > 0 
we can moreover find some K = K{M) going fo 00 wifh M and such fhaf < Tm) < 

(c(M)M^(l + M . Wifh fhese choices, we have 

c{M)M{l + M c{M))T{M, K{M))e^‘'^'>^ < M“^ ^ 0 

when M —)• 00 , whereas fhe sequence of stopping times Tm := M A a goes a.s. to 00 . Thus, 

for each r/ > 0 and M > 0, 

F[\LUe,6) -L^Tjrn*)\>v] 

< IP [\LnATMi^,S) - +nT. > Tm) 

< (s + r(M, K{M)) + C{g{M), iT(M), e)(M + Vm)) 

T] \ J 

+ ^{Tx > Tm)- 


Hence, 


limsup P [|L^^(e,(i) - L’^^{m*)\ > g] 
(e,<5)^(0, 0 ) 


V 


+ P(Tx > Tm)- 


Letting M —)■ 00 , we have shown that lim E \\L^ (e, 6) — L% {m*)\ > r?l = 0. 

M)^(0,0) LI ^ 'J 


□ 
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A Appendix 

A. 1 Proof of Proposition |1.2| 

Recall from m Theorem 0.3] that (pf : t > 0) := {p^e : t > 0), with Cf the right-continuous inverse 
of Af := /g l|^s^Qi,ds, has the same law as the exploration process associated with a Levy process 
of Laplace exponent ( |1.11| ). Denote by (L“ : f > O) its local time at level o. Applying ( |3.4[ ) to and 
performing the change of variable i—)■ u, we deduce that 


= lim e 


-1 


rC? 




l{a<H„<a+6,me=o}d'w for all t > 0, 


in the L^(P) sense. Let us check that this limit is equal to L'^g{mP). Since Cf < oo a.s. (see Q), we 

deduce from p.4| ) applied to the original exploration process {pt '■ t > 0) that, on the interval [0, Cf], the 
finite measures converge weakly in probability towards dL“ as e —0. By Lemma 

the function s has a.s. at most countably many discontinuities, therefore a.s. it is 


3.3 


continuous a.e. with respect to the measure Ijg (s)dL“. We thus deduce that: 


ra 


{rrf) = P — lim e 


-1 




'^{a<Hu<a+e,mi=0}'^'^ — 


(A.l) 


By right-continuity in f > 0 of the first and third expressions, (L“ ; t > O) and yL^g{mP) : f > 0) are 


indistinguishable for each a > 0. In particular, if we set = inf{s > 0 : > x}, for each a > 0 we 

a.s. have 

LJ, = LJ, {m") = LJ.lm") 

T'x 

since LO = {mP) (by with a = 0) and L^{m^) = L^. The result follows from the above 
identities and Theorem 1 1.1 1 applied to the local times of p^. 


A.2 Proof of estimate ( |5.7| ) 

We follow ideas in the proofs of lITOl Thm 2.1] and ifT^ Prop 3.1]. Define a function g on 
g{x) := [cr -|- fg r^n(dr)]-y/x. Notice fhaf for all y < x one has 


, dv I n(dr) / ^ 

/o Jo Jo + 




Id r^n(dr) 


^dt < c := 


a + fd r2n(dr)) 


2 • 


by 


(A.2) 
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Consider a real sequence {aj}j>i defined by oq = 1 and aj = Oj_i e ^ q 

and Q{z)~‘^dz = j. For each j > 1, let 'i/jj be a non-negative continuous function on M supported 
in (oj, Oj-i) such that 0 < Tpj{z) < 2j ^q{z) 2 and ^ ' 'ipj{z)dz = 1. Define also non-negative 
twice continuously differentiable functions 4>j on M by 

Ax\ ny 

4>j{x) = dy 'iljj{z)dz, X G M. 

Jo Jo 

Notice that for each x G M it holds for all j > 1 that 0 < (/>' (x)sign(x) < 1, 4>'j{x) > 0 and 
(J>j{x)a‘^\x\ < 2j~^. Moreover, we have 4>j{x) \x\ as j —)• oo. 

For any z, h, r,v,x,y > d and a differentiable function /, set now l{r, v ], x, y) := r , 

J^hfiz) := f{z + h)- f{z) and Dhf{C) ■= J^hfiC) - f{C)h. Using (|^ and Ito’s formula, we get 


(CmL (^)) =MtAr,^ +ao j 4>j (C’"(x))C’''(a;)ds 




f (/-e.S I 


ptATm poo poo 


-h 


^2 ptAT-m 


+ ^ <PUCAA)crix)ds 


j-t/STm poo pi 

Jo Jo Jo 

rthTm p 1 

/ <^'(C’'(x)) G{Zs{x))-G{Zf{x)) ds 

Jo 


+ 


rtATm rA'A^) 


E 


4>j{Ct’HAA{nS<u<(n+i)S} [g{u) - g{n6)]duZk^^A'^)ds- 


'0 n= 0'^0 


(A.3) 


where {Mt^T^)t>o is a martingale. By properties of cj)j, the integrands in the first and second lines are 
respectively bounded by \ao\\Zs{x) — Zp^{x)\ and rn(dr)|Zs(x) — Zp^{x)\. The fact that 


0 < 



Di(r,y-X,y)(t>j{x “ y)diyU{dr) < 


2c 

j 


following from estimate ( |A.2| ), together with the mentioned properties of (j)'- ensure that the terms on the 


third and fourth lines vanish when j —)• oo. Taking expectation in ( |A.3| ) and letting j 
desired bound, noting that g{m) is a Lipschitz constant for the function G in [0, m]. 


oo, we get the 


A.3 Proof of Lemma 16.11 

In a similar way as for the process : t > 0), the trajectories of the process : t > 0) 

are determined in a unique (measurable) way from the atoms of the point process ( |6.3[ ). It is there¬ 
fore enough to establish the first claim. To do so, one easily adapts first the arguments of the proof of 
Proposition 4.2.3 in ifTTl in order to prove that, under the excursion measure N, the process 

(A-4) 

ieli 
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with Ij := {z G / : (aW,/3(*)) C (a-^ ,/S-^ )} denoting the sub-excursions above level a of the excur¬ 
sion away from 0 labeled j, is conditionally on Sa a Poisson point process of intensity dxl[^a j (g) 

N(dp,<i/\A) (our superscripts “(*)” correspond to superscripts “z” in the statement of ifTTl l. The only 
difference is that, in the computation analogous to the one at end of that proof, we must consider here 
test functions depending also on the components of the atoms, and depending on the excursions of 
the spatial component above level a only through their increments respect to their values at that a. Since 
I is equal to the disjoint union Ujej ’^^en concludes applying conditionally on £a the additivity 

of Poisson point measures. 


A.4 Proof of Lemma 16.31 

By standard properties of Poisson processes, for any nonnegative predictable process / and stopping 


time T in the given filtration, it holds that E 




u > 0 and f > 0. If moreover r is such that E 




= 1 a.s. for all 


< oo, by dominated convergence 


one gets after letting t 


oo that E 


g-n £ f; W )df 


= 1 a.s. Now, from our 


assumptions and by a monotone class argument, we can check that Ig is a predictable process. Since 


gA/;-(l-e-“iBW)d£ ^ gA/o'^"(l-e-“)lB(£)dr ^ gA(l-e-“)(xA/lB(r)d£) < gA(l-e-“)s 

we conclude that for all x > 0, 


, from the previous 


E 




= a.s. 


Applying conditionally on this argument to increments lE(£)A(d£), the proof is complete. 

A.S Proof of Lemma 16.51 

a) The proof is inspired by that of Lemma 1.3.2 in ifTTl . We have 


E sup 

\ j/e[0,3;; 


< E sup 
\ 3 /e[o,x] 


1 f^y 

1 f'^y 


'-{0<JZs<£,ms=0} 


=nrds 




ids — -E 


^ Jo ^ \Jo 


ds 


-|- E sup 

\ j/e[0,3:; 


l{0<Hs<£,m,=0,(ps,l><iC}ds ) - y 


(A.S) 


The time integral in the above expressions can be written in terms of the excursion point process ( |6.2| ) as 
follows: 


'-{0</Zs<e,ms=0, (ps,!}^^^} 


ds= J] 


rC^ 


jGJy 


{0<Hi<e,mi=0, (pi,l)<K} 


ds, 


(A.6) 


where Jy := {j G J : P < y}. Hi = = A/"!(• x [0, Q{P))) and C"' is the length of the 

excursion labelled j. By compensation, the desintegration N(dp,dAA) = N(dp)( 5 ^(A((j_/\^) and the 
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very definition of the snake {p, M), we get 


E 


'-{0<Hs<e,ms=0, (ps,l}<A'} 


ds 




= j\i'N(^j^ ,-eW/rdp) 


g “'-'"='''^'l{o</r4p)<£,{p^,i)<_ft:}ds I , 


with ( the length of the canonical excursion and {Hs{p) : 0 < s < C) its height process. Thus, the 


second term in the r.h.s. of ( |A.5| ) is bounded by 

K 


d£E 


10 


e-^N 


'0 




Using Proposition 1.2.5 in ifTTl to compute the integral with respect to N for each i G [0, x], the latter 
expression is seen to be equal to 


d.^ 


1 - - 
£ Jo 


- f < K)db 

^ Jo 


< X 


1 - 


1 _ g-{a+e)e 
(cr -f O^s 


nSe < K) 


(A.7) 


where {Sb)b>o is a subordinator of Laplace exponent V'(A) := ~ e“^)n([r, oo))dr which 

does not depend on the drift coefficient a of the underlying Levy process X. In particular, the expression 
on the r.h.s. of ( |A.7| ) goes to 0 with e. 

Let now (Qijiyo denote the right continuous completion of the filtration ((t(M([ 0, x], dp, dAA) : 0 < 
X < ^))£>o^ with M the point process defined in ( |6.2| ). Since the first term on the r.h.s. of ( |A.5| ) is the 
expected supremum of the absolute value of a (Q£)£>o-martingale, we can bound it using BDG inequality 
by some universal constant Ci times 


'Var 


-I 

Jo 


^{0<Hs<e,m,a=0,{ps,l)<K}‘Js 


Written in terms of the excursion Poisson point process (6.2), the previous quantity reads 




Var 


^ V 1 

p {0<H^g<£,mi=0, {pi,l)<K} 


ds 


and can be estimated by the same arguments as in the proof of Lemma 1.3.2 of ifTTlI . as follows (see also 
the proof of Lemma 1.1.3 therein for details on related arguments): 

'1 /■'T- 1 -r / / K ' 


Var 


V Jo 


'^{0<Hs<£,ms=0,{ps,l)<K}ds 


= 4n 




^{0<Hs<£,ms=0,{ps,l)<K}<is 




(A.8) 


< 2xE(Xp^-i(£) A K), 


where e i—)• is a subordinator of Laplace exponent exp + aj j- That is, the same 

subordinator S as above, but killed at an independent exponential time of parameter a. Thus, we have 
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a K) < E(5e A K) + K{1 — e““^) —)• 0 as e —?■ 0. The statement now follows by bringing 
together ( |A.5| ), ( |A.8| l and ( |A.7[ ) with the r.h.s. of the latter replaced by its supremum over e' G [0, e], 
which is an increasing function of e going to 0 as e —)• 0, as required. 

b) Observe first that by continuity of s i—)• 


Vf < T^,yn > -,3yn, Zn e [-, a;] such that Ty^<t< and + -• 

xn n n 


We deduce that 


\Lt-mm)\ < < 


Vn - ("i) + - 

^yn Ji 


(m) -Zn + - 

-'zn ji 


if Lf(m) < L? 
if Lf(m) > L? 


Therefore, we have sup \L^—Lf{m)\< sup 

te[0,ra:] V6[0,3:] 

upper bound for the quantity 


("^) - y 


and it is enough to establish the required 


E 


sup 

y&[0,x\ 


LTA'm)-y 




(A.9) 


We have 



1 f'^y 


■ 1 rTy 

^Ty {m)-y = 

^Ty\^) ~ ^ / I-{£</ts<2£,mA(0,£))=0}d'S 

^ J 0 

+ 2 

^ I-{0<H,<2£,m4(0,£))=0}ds - y 


+ 


'^{0<Hs<e,ms(i0,e))=0}^^ 


and the absolute value of the second term on the right hand side is bounded by 



If'^y 


1 ^ 

2 


+ 2 

^ /g l{ 0 <H^< 2 £}dS - y 


thanks to the inequalities l{o<H,< 2 e} > l{o<H,< 2 e.mA(o,£))=o} > l{o<H.< 2 e,mA(o, 2 £))=o}- It follows 
from part a) that expression (|A.9[) is upper bounded by 


(2Cie, K, 2e) + 2C(0, K, e) + C(0, K, e)) {x + 




f N 1 

pTy 


+ E 

sup 

— - 

1 I-{£<Hs<2£,ms((0,£))=0}d'S 



y&[0,x\ 

^ JO 


(A. 10) 

and it only remains us to bound this last expectation. Notice to that end that the inner supremum can be 
written in terms of the Poisson excursions point process pruned below the level a = e as considered in 
( |6.4| ), namely 

X] , (A.ll) 

where = {z G I : ([0, e)) = 0}. As before, let , Tx, Ht and denote the corresponding 

local time at 0, inverse local time at 0, height process, and the stopping time := inf{s >0 : {%,!) > 
K], all of them now associated with {p,M), the snake process associated with (A.l 1|). 
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Then, writing in a similar way as in ( |A. 6 | ) the time integral in ( |A.10[ ), that is, as a sum of integrals over 
(now) non marked excursion intervals above level e, we get 


1 r'^y 


- - / l{£</ts<2e,mA(0,e))=0}ds — T' 


(m) E 


1 ^ 


/O 


Since Tx > (m) and sup {pt, 1) > sup {pt, 1), the expectation in ( |A.10| ) is seen to be less than 

T-r ' ^ ^ ' 


t<T, 


t<TLZ, (m) 

d CC 


E 


sup 

ze[0,L|, (m)] 


Z- 


-f 

£ Jo 




ds 


(rn)} 


<C(0,Ar,e)E L^^{m) + ^/(m) 


by applying, thanks to Lemma 6.2 the previous part a) (with m = 0 or equivalently 0 = 0) conditionally 


on £i;. With the obvious bounds L^^{m) < a.s., E ^/L^ < yE [L^^] and the equalities 

E(L|,^) = xN = xe“"^ following from Corollary 1.3.4 in ifTTt . the desired result is seen to hold 
with C(0, K, e) = (2C{e, K, 2e) + 3C(0, K, e) + C(0, K, e)). 


A.6 Lamperti-type representation 


Proposition A.l. Let Xt be a Levy process with regular Laplace exponent and assume that the locally 
bounded competition mechanisms g is such that liin exists. For each x > 0 there is a unique strong 


solution Ut to the SDE (2.4i. Moreover, if we set 


Vt := 



if0<t < 77oo, 
ifVoo <oo At> Poo, 


(A. 12) 


with Ct the right inverse of pt ■= inf |s > 0 : Jq ij- > tj, there exists in some enlarged probability 

space a Brownian motion and an independent Poisson point process N'^ in [0, oo)^ with intensity 

measure df ( 8 > di^ ( 8 > n(dr), such that 

pt pt _ pt pY — POO pt 

Vt = x-a / Lsds + cr / \/V~sdBY + / / / rN^{ds,du,dr) - / G(14)ds, (A.13) 

Jo Jo Jo Jo Jo Jo 

for all t > 0. Last, pathwise uniqueness (and then also in law) holds for ( |A.13 1 . 

Since {Zt{x) : f > 0) in ( |1.5| ) satisfies ( |A.13[ ) with the Brownian motion 

pt pZ^.{x) j 

Bt:= / {Z,-{x))-^W{ds,du), 

Jo Jo 

we conclude that {Zt(x) : t > 0) and (Vt : t > 0) are equal in law. 

Proof Let B^ and respectively denote a standard Brownian motion and a Poisson random measure 
on [0, oo)^ with intensity ds ® n(dr) such that dXt = —adt + crdBf^ + rN^(dt, dr). Standard 
localization arguments using a sequence of globally Lipschitz functions equal to G on [0,22] (the 
local Lipschitz character of G following from the assumptions) show the existence of a unique strong 
solution U until some random explosion time. For each 22,26 > 0, set = inf{s >0 : 2/^ > 22^} 
and 6k = inf{s >0 : [27, [/j^ > 26}. Applying Ito’ s formula to the solution of equation p.4|) with Gr 
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instead of G while keeping in mind the sign of G, we get using Gronwall’s lemma that < 

c + c'K for some finite constants c, c' > 0 depending on t, x and the characteristics of X but not on G. 
Patou’s Lemma then yields t A Ok < t°° = sup^>g a.s., from where = oo a.s. and 


dUt = —adt + crdBf + f rN^ {dt, dr) — 

Jo 


(A. 14) 


Let us now set Tq := inf{f > 0 : Ut = 0} and T := inf{t > 0 : V) = 0} = inf{f > 0 : Uct = 0} A r/oo- 

As Gt is right-continuous, we have that Ucj. = 0, so that Gt = Tq since jy = Ooo for 

all r > Tq. In order to show that the time-changed process V = {Uct : f > 0) is solution of ( |A.13| ), 
we follow the arguments of Caballero et al. ||9l Prop. 4] providing the existence of a standard Brownian 
motion B such that 


[ VysdBs = B^{GtATo) 
Jo 


(A. 15) 


and of a Poisson random measure N with intensity ds (8) dz^ (8) n(dr) such that 

rt rVs- roo 


E 

{n:t^<Ct} 


= 
' n 


E 

{n-.tn<t} 



0 JO 


rl{r>i}iV(ds,di/, dr), 


where ((A„, tn) ■ n ^ N) is a fixed but arbitrary labeling of the jump times and sizes ofV and ((r„ , t 
n G N) are the atoms of N^. We have in an sense that 


n ) • 


lim 

£\0 




rt roo 


/ 14 ds / rn(dr) 

= lim 

Jo Je 

£\0 


/ Ct poo 

ds / rn(dr) 


(A. 16) 


so that the compensated measures satisfy 

rt rV.- poo 


roo ^ rCt poo ^ 

/ rA(ds, dz^, dr) = / / rN^{ds,dr). (A.17) 

0 ^0 Jo Jo Jo 

Inserting the identities ( |A.15| ), ( |A.16| ) and ( |A.17| ) into equation ( |A.14| ), we deduce that 

pVt- poo ^ 

dUct = -adGt -I- a^JVtdBt + / rN{dt, dv, dr) - cUctdGt- 

Jo Jo 

By (|A. 121), dCt = Vtdt and I) tj^us 1/ = (V) : f > 0) is a solution of (|A.13 1. 

_ Uct 

Uniqueness for (A.131 follows from general results in Ifl3ll . □ 
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